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KARHUNEN-LOEVE DECOMPOSITION OF GAUSSIAN
MEASURES ON BANACH SPACES

XAVIER BAY AND JEAN-CHARLES CROIX

ABSTRACT. The study of Gaussian measures on Banach spaces is of active in-
terest both in pure and applied mathematics. In particular, the spectral theo-
rem for self-adjoint compact operators on Hilbert spaces provides a canonical
decomposition of Gaussian measures on Hilbert spaces, the so-called Karhunen-
Loéve expansion. In this paper, we extend this result to Gaussian measures
on Banach spaces in a very similar and constructive manner. In some sense,
this can also be seen as a generalization of the spectral theorem for covariance
operators associated to Gaussian measures on Banach spaces. In the special
case of the standard Wiener measure, this decomposition matches with Paul
Lévy’s construction of Brownian motion.

1. PRELIMINARIES ON (GAUSSIAN MEASURES

Let us first remind a few properties of Gaussian measures on Banach spaces. Our

terminology and notations are essentially taken from [2] (alternative presentations
can be found in [7], [15] or [5]). In this work, we consider a separable Banach space
X, equipped with its Borel o-algebra B(X). Note that every probability measure
on (X, B(X)) is Radon and that Borel and cylindrical o-algebras are equal in this
setting.
A probability measure v on (X, B(X)) is Gaussian if and only if for all f € X* (the
topological dual space of X), the pushforward measure o f~1 (of v through f) is
a Gaussian measure on (R, B(R)). Here, we only consider the case v centered for
simplicity (the general case being obtained through a translation). An important
tool in the study of a (Gaussian) measure is its characteristic functional 4 (or
Fourier transform)

§ife Xt Al = / @) xxt(da) € C,
X

where (.,.)x x~ is the duality pairing. Since v is a centered Gaussian measure, we
have

(1.1) v e x i) —ew (-0
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where C,, is the covariance function

CV : (f,g) € X*x X* — / <£C,f>X7X>k<.’L',g>X7X>k’7(dZC) c R.
X

One of the most striking results concerns integrability. Indeed, using a rotation
invariance principle, it has been shown that a Gaussian measure 7 admits moments
(in a Bochner sense) of all orders (as a simple corollary of Fernique’s theorem, see
[2]). Consequently, its covariance operator may be defined as

R,:feX"— / (z, f)x x-xzy(dz) € X,
X
using Bochner’s integral and is characterized by the following relation

(1.2) V(f,9) € X* x X*, (Ryf,9)x,x- = Cy(f,9)

Most noticeably, R, is a symmetric positive kernel (Hilbertian or Schwartz kernel)
in the following sens:

V(f,g9) € X* x X", (Ryf,9)x.x- = (Ry9,[)xx~,
Vfe X", (R f, ixx- > 0.

Furthermore, the Cameron-Martin space H () associated to « is the Hilbertian
subspace of X with Hilbertian kernel R, (see [12] and [1] for the usual case of
reproducing kernel Hilbert spaces). In particular, we will extensively use the so-
called reproducing property

Vhe H(y), Vf € X", (h, f)x.x- = (h, Ry [)y,

where < .,. >, denotes the inner product of H(vy). Note that H(v) is continuously
embedded in X and admits R,(X*) as a dense subset. Additionally, the covariance
operator has been shown to be nuclear and in particular compact (see [15], Chapter
3 for a detailed presentation and proofs).

Our objective is to decompose any Gaussian measure 7 on a (separable) Banach
space X which, in fact, can be done by considering any Hilbert basis of the Cameron-
Martin space H (7). Indeed, let (hy), be any arbitrary orthonormal basis of H ()
and (§,)n a sequence of independent standard Gaussian random variables defined
on a probability space (£2, F,P). Then the series

(1.3) > &nlw)hn,

converges almost surely in X and the distribution of its sum is the Gaussian measure
v (cf. theorem 3.5.1 p. 112 in [2]). When X is a Hilbert space, a canonical Hilbert
basis of the Cameron-Martin space H () is given by the spectral decomposition of
the covariance operator R, as a self-adjoint compact operator on X (see Mercer’s
theorem in the special case X = L?[a, b] with [a,b] any compact interval of R). In
this paper, we will show how to define and construct such a basis in the general
case X Banach by a direct generalization of the Hilbert case. In particular, this
”diagonalizing” basis will be of the form h, = Ry h;, where h; is in the dual
space E* for all n. As a special case of the representation (1.3), the corresponding
decomposition in X (for the strong topology) will be

r=> (,h})x.xhn,

n
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v almost everywhere (since (h}), is a sequence of independent standard normal
random variables by the reproducing property). Roughly speaking, it means that
~ can be seen as the countable product of the standard normal distribution N(0,1)

on the real line:
v=Q&)N(,1).

For a recent review of the interplay between covariance operators and Gaussian
measures decomposition, consult [8]. To see how to construct such a basis, we start
with the Hilbert case.

2. (GAUSSIAN MEASURES ON HILBERT SPACES

Hilbert geometry has nice features that are well understood, including Gaussian
measures structure (see [7] and [3] for a recent treatment). First of all, Riesz
representation theorem allows to identify X* with X. As a linear operator on a
Hilbert space, the covariance operator R, of a Gaussian measure vy is self-adjoint
and compact. Spectral theory exhibits a particular Hilbert basis of X given by the
set (z,,)n of eigenvectors of R,. Using this specific basis, the covariance operator is

R»Y::L'GX*)Z)\HCC,SC»,JXSC»” € X,

n

where (.,.)x is the inner product of X. A simple normalization, namely h, =
VAny, provides a Hilbert basis of H(7y). The nuclear property of R, simplifies to

Sl =D An < 4o

Using the terminology of random elements, let Y be the infinite-dimensional vector
defined almost surely by

Y(w) = an(w)hn = Z \/Efn(w)zna

where (&) is a sequence of independent standard normal random variables. Then
~ is the distribution of the Gaussian vector Y. In the context of stochastic processes,
this representation is well-known as the Karhunen-Loéve expansion ([6], [9]) of
the process Y = (Yi):er (assumed to be mean-square continuous over a compact
interval T' = [a, b] of R).

In order to extend this spectral decomposition to the Banach case, let us recall the
following simple property (where Bx denotes the unit closed ball of X):

<RW'T’ 'T>X

(2.1) A= sup ——5— = max(Rz,z)x
sex\foy lzl% weBx T

is the largest eigenvalue of R, and is equal to the Rayleigh quotient %
X

where xg is any corresponding eigenvector. A similar interpretation is valid for
every n € N:

Ap = max (Ryz,z)x .
zE€BxNspan(zg,...,tn—1)"

Keeping this interpretation in mind, we can now consider the Banach case.
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3. GAUSSIAN MEASURES IN BANACH SPACES

In the context of Banach spaces, the previous spectral decomposition of the
covariance operator doesn’t make sense anymore. Nevertheless, we will show in
section 3.1 that the Rayleigh quotient is well defined in this context (lemma 3.1).
Combining this and a simple decomposition method (lemma 3.2), we give in section
3.2 an iterative decomposition scheme of a Gaussian measure. Main analysis and
results are given in the last section 3.3.

3.1. Rayleigh quotient and split decomposition. The first lemma in this sec-
tion is an existence result of particular linear functionals based on a compactness
property. The second one provides a method to separate a Banach space into two
components with respect to a linear functional and a Gaussian measure. These
results are given independently to emphasize that lemma 3.2 could be combined
with different linear functionals to define other iterative decomposition schemes (see
section 3.2).

Lemma 3.1. Lety be a Gaussian measure on (X,B(X)) a separable Banach space
and set \o = supep.. (B f, [)x x- € [0,+0c]. Then

3fo € Bx+, Ao = (R fo, fo)x,x~-

Moreover, we may assume || fo||x+ = 1.

Proof of lemma 3.1. Let (fn)n € Bx~ be a maximizing sequence:
<R'yfna fn>X,X* — >\O S [07+OO]

From the weak-star compactness of Bx- (see Banach-Alaoglu theorem), we can
suppose that f, — fo for the o(X*, X)-topology where fo, € Bx+ . This implies
that

() = [ i) [ i) = 4(f),

using Lebesgue’s convergence theorem. From equations 1.1 and 1.2, we conclude

that <wan; fn>X,X* — <waoo,foo>x7x*. Hence \g = <R,ono, foo)X,X* S RJ’_. If
Ao > 0, then || foo||x* = 1 and we can take fo = foo. In the degenerate case A\g = 0,
we have Ry = 0 and any fy of unit norm is appropriate. (I

We will now show how to split both X and +, given any f € X* of non trivial
Rayleigh quotient (in the previous sense).

Lemma 3.2. Let v # §y be a non trivial Gaussian measure on a separable Banach
space (X,B(X)). Pick fo € X* such that || fo| x+» =1 and N\o = (R fo, fo)x,x+ > 0.
Set Py :x € X — (x, fo)x,x+T0, Ryfo = Noxo and hg = \/Aoxo, then we have the
following properties.
(1) (@o, fo)x,x+ =1 and ||holly = 1.
(2) Py is the projection on X with range Rxg and null space ker(fy) = {z €
X, (z, fo)x,x» = 0}. Furthermore, the restriction Qo of Py on H(v) is the
orthogonal projection onto Rhg:

h € H(ly)a <ha fO>X7X*‘T0 = <ha hO)’yhO-

(3) According to the decomposition x = Pox + (I — Py)x in X, the Gaussian
measure v can be decomposed as

Y=Y ¥,
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where vy, =y 0 Pof1 and v1 =00 (I — Py)~! are Gaussian measures with
respective covariance operators:

Ry, : f€X™ —  Xolwo, f)x,x+o,

R,:feX* — R,f—R\f

In particular,

R, f = Xo(zo, f)x,x20 + Ry, f.
(4) The Cameron-Martin space H(v) is decomposed as

H(y) =Rho © H(m),

where H(v1) = (I — Qo)(H (7)) = (Rho)* equipped with the inner product
of H() is the Cameron-Martin space of 1.

(5) For each t € R, denote by txg + v1 the Gaussian measure on X centered
at tzo with covariance operator R.,. Then, v is the conditional probability
distribution of © € X given fo(x) =t:

VB € B(X), v'(B) = m(B — two) = y(Blfo = 1).

Moreover, fy is N (0, ) and the deconditioning formula is as follows:

_ 2
e 2xo

() = [ 45

The proof is straightforward and is given in the appendix. Concerning the last
property on conditioning, it is worth noting that the conditional covariance operator
R, does not depend of the particular value ¢ of the random variable f, € X*.
We will now use both of these lemmas to build a complete decomposition of any
Gaussian measure 7.

dt.

3.2. Iterative decomposition of a Gaussian measure. Consider a (centered)
Gaussian measure 7 on a separable Banach space (X,B(X)). The initial step of
the decomposition is to split X and ~ according to lemma 3.2 using fo € X* given
by lemma 3.1. The same process is applied to the residual Gaussian measure 7,
defined in lemma 3.2, and so on and so forth. Now, we formalize the resulting
iterative decomposition scheme.

Define 7o = v (initialization). By induction on n € N (iteration), we define the

Gaussian measure y,1 of covariance operator R, , such that

Vfe X", R,f = Z)\k(wk, [ xx+xk + Ry, f
k=0

where A\, = maxjsepy. (R, f, [)x x» and where z, is defined by the relation
R, fn = Az, with f, chosen such that A, = (R, fn, fn)x,x*

From lemma 3.2, we have the orthogonal decomposition for all n
H(V) = Span(hOa ceey hn) @ H(’}/n-‘rl)

where hy, = /Ayxy. If for some n, A\,y1 =0, then R, ,, =0 and H(yn41) = {0},
which means that R, is a finite-rank operator and H(y) = span(ho, ..., hn) =
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span(xg, ..., x,) a finite-dimensional linear space. This means that v is a finite-
dimensional Gaussian measure with support equal to its Cameron-Martin space.
Theorem 3.3 gives the properties of this decomposition in the general case where
H(~) is infinite-dimensional.

Theorem 3.3. Suppose H(7) is infinite-dimensional and keep previous notations,
we have the following properties.

(1)
(2)

(3)

(4)

(hn)n is an orthonormal sequence in H(y).

(n)n and (fn)n are satisfying the following relations:

(@) Vn €N, [lzn|x = (zn, fa)x,x+ =1,

(b) V(k,l) S NQ, k>, <1'k;fl>X,X* =0.

Let Qpn : h € H(y) = Quh = Y} _o(h, hi)yhi, be the orthogonal projection
onto the linear space span(hg, ..., hy) = span(xo, ..., ) in H(vy). Then, we
have Q,h = ZZ:()(h — Qr=1h, fr)x,x+x, with the convention that Q_1 =
0.

Define P, on X by P,z = ZZ:0<:L' — Ppoaz, fr)x,x+ Tk, with the same
convention P_y = 0. Then, P, is the projection onto span(zg,...,x,) and
null space {x € X : (z, fu)x x+» = 0 for k = 0,...,n}. Furthermore, the
operator P, restricted to H(7y) is equal to Qp,.

According to the decomposition © = P,z + (I — P,)x in X, the Gaussian
measure vy can be decomposed as vy = Yxg,... A, * Tnt1 Where Yxn,...a, =

k=0
Furthermore, we have yp+1 =y o (I — P,)~! and the relation
Ry =Rxy,..n, + Ry, s
The Cameron-Martin space H(v) is decomposed as
H(y) = span(ho, ... hn) © H(ynt1),

where H(Yn41) = (I — Qn)(H (7)) equipped with the inner product of H(y)
is the Cameron-Martin space of the Gaussian measure Ypn41.-
Let z}, = (I — Py—1)*fn for n > 0. Then, ¥n, Rz}, = A\yx,. The random
variables x}, are independent N'(0,\,), and
Vn, P,z = Z<$,$Z>X,X*$k-
k=0

For the computation of the dual basis ()., we have the recurrence formula
:C:; = fn - P;—lfn

. —1 %
with P, fn = ZZ:O (@k, fo)x,x+x} and x5 = fo.

Furthermore, vyx,,... A = Yo * - % 7Ya,, Where vy, is the distribution of the
random vector x — (x,x}) x x+ Ty for all n.

Let h} = \/)\n_lx;; forn > 0. Then, we have R h;, = h,, and the random
variables hi are independent N'(0,1).
For each t = (to,...,t,) € R™, denote by Y p_ tkxi + Yny1 the Gauss-

ian measure on X centered at Y _ tpxy with covariance operator R, ..
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Then, v* = > _o tkTk + Yn1 is the conditional probability distribution of
x € X given xf(x) = to,...,xh(x) =ty

VB € B(X), 7'(B) = Yus1 <B - Ztk$k> =y(Blxg = to, ..., Ty, = tn).

k=0

The deconditioning formula is

v(B) = / H j%

This theorem is a straightforward extension of lemma 3.2 and a proof is given in
the appendix. It remains to see that this decomposition is complete, namely that
we have

Y = kYA,
according to the decomposition of the covariance operator

Rry = Z/\n<1'n, ->X,X*1'n-

3.3. Asymptotic analysis. In this section, we suppose that H(v) is infinite-
dimensional and we use notations of the previous section. The two following lemmas
will be essential for the main result of this paper (theorem 3.6).

Lemma 3.4. We have By(,,,) = B() N span(ho, ..., hp_1)* for all n and
(3.1) VA= sup sup (h, f)x x-.

fE€Bx+ h€Br(yn)

Proof of lemma 3.4. Since H(vy) = span(ho, ..., hn—1) ® H(vn) and |||y, = ||.|ly on
H(7,) (see theorem 3.3, assertion (6)), we get

BH(V) N span(hg, ..., hnfl)L = BH('Yn)'
But, for h € H(vn), (h, f)x,x- = (h, Ry, f), and SupheBH(M)<h7f>X,X* is at-

tained for h = % (if Ry, f #0). Thus, suppcp, . (b flx.x- = V(Ry, [, f|>:|X,X*.

Lemma 3.5. The sequence (A,)n>0 is non-increasing and A, — 0.

Proof of lemma 3.5. By lemma 3.4 and the expression 3.1, we see that A,11 < A,.
Moreover, (h;,) is an orthonormal system in H(~), hence

Vf € X*a <h’n;f>X,X* = <h’n7R’Yf>’Y —0

as a consequence of Bessel’s inequality. In other words, we have that h,, — 0 for
the weak topology of X. Since the unit ball of H() is precompact in X (corollary
3.2.4 p.101 in [2]), we can extract a subsequence (hy, )i such that h,, —r hoo
for the strong topology of X. By unicity of limit in the topological vector space
X equipped with the weak topology, we deduce that hoo = 0 in X. Therefore,
[hn,llx = +/An, —& 0, which ends the proof. O

The two above lemmas are the ingredients to prove now that the orthonormal
family (hy,)n is a Hilbert basis of H(y) in R,(X™) as it is discussed in [14].
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Theorem 3.6. (hy,)n>0 = (Ryh))n>0 is a Hilbert basis of H(7).
Proof of theorem 8.6. Let h € H(v) such that Vn € N, (h,h,,), = 0. Then, using

lemma 3.4, we have

Vn € N, Vf S Bx*, <h, f>X,X* < 4/ )\thHV,
which implies that (h, f)x x~ = 0 forall f € X*. Therefore, h = 0 and span(hy, n >
0) is dense in H(y). O

We give now the two claimed results of this paper.

Corollary 3.7. The covariance operator can be decomposed as follows
R'y = Z )\n<xn7 '>X,X*$n7
n>0

where the convergence is in L(X*, X). More precisely, the nth step truncation error
18

n
R, — Z ATk, ) X, X+ Tk
k=0
where ||-|| stands for the operator norm in L(X*, X).

= )\n+1a

Proof of corollary 3.7. From theorem 3.6, we know that (hy), is a Hilbert basis of
H(7). It suffices to write

VfE€X*, Ryf =Y (Ryf,hn)yhn,
n>0

and use the reproducing property. The truncation error norm is

R, — Z My ) X X+ T,
k=0

= Ssup ||R’Yn+1fHX'
fEBxx

But

)

||R’Yn+1fHX = Ssup <R’Yn+1fa g>X,X* < /\n+1
gEBx*

by the Cauchy-Schwarz inequality. Since R, ., fn+1 = Ant1Zn41 and || zpp1]|x = 1,
we have || Ry, | foy1l|x = Ans1. Hence

R, — Z ATk, ) X, X+ Tk
k=0

= )\n_;,_l — 0

O

Corollary 3.8. Remind the definition h) = \//\7;1:0:1 with xf, = (I — Ppu_1)*fn
forn >1 and x5 = fo. Then, we have the decomposition in X

r= Z(m, hi)x,x«hn, 7 a.e.,

n

where the random variables h¥ are independent N'(0,1). In equivalent form, let
(&n)n be a sequence of independent standard normal variables on (2, F,P). Then

the random series
Z Vnn (W)

defines a X -valued random Gaussian vector with distribution -y.
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4. DECOMPOSITION OF THE CLASSICAL WIENER MEASURE

Let v be the standard Wiener measure on X = C([0, 1], R), the space of all real
continuous functions on the interval [0, 1] which is a Banach space if equipped with
the supremum norm. The Riesz-Markov representation theorem allows to identify
X* with the linear space of all bounded signed measures on [0, 1] equipped with
the norm of total variation. In this context, the dual pairing is

1
Vee X, Vue X™, (x,u)x x :/ x(t)p(dt).
0

The Cameron-Martin space associated to v is the usual Sobolev space H{ ([0, 1], R),
defined by

H3([0,1],R) = {f € X, Vte[0,1], f(t) :/O f'(s)ds, f' € L*([0, 1],R)}

and associated inner product (fi, f2)y = (f1, f3)r2. The covariance operator R,
satisfies

(Ryp, pi)x,x+ = Var ( /0 1 Wtu(dt)>

where (W;)ie[o,1) is the standard Wiener process. Using Fubini’s theorem, we easily
get

(o = [ /[ A snldu(as) = | st 1y2a

Htence, (Ryp)' (t) = p([t,1]) almost everywhere in [0,1], and R,p : ¢t € [0,1] —
Jo #([u,1])du. Consider now the initial step of the decomposition, that is find
fo = po € Bx~ such that

<RVMOaMO>X,X* = Ssup <R7MaM>X,X*-
HEBx*

Since Vu € Bx~,Yu € [0, 1],
Bx - maximizing (R, p) x,x+ = fol w([u, 1])?du is po = d1. Moreover,

Ao = (Rypo, po) x,x+ = Var(Wy) =1

is the variance of the Wiener process at point ¢ = 1. Since p — (R, pt) x,x~ is a
non-negative quadratic functional, an usual argument shows directly that po must
be an extremal point of Bx«. Thus po = d¢, for some point o € [0,1]. And clearly,
to = 1, corresponding to the maximum of variance of the Wiener process. So, we
have \g = 1, fo = po = d1. Using the fact that

R.0; 15 €[0,1] = (R,0¢,65)x,x+ = Cov(Wy, W) =t As,

we get g = (t € [0,1] — t) and hg = =z (since Ay = 1). Now, we have Pyx :
t € 100,1] = (=, fo)x.x-zo(t) = z(1)t and (I — Py)z is the function ¢ € [0,1] —
x(t) — x(1)t. From this, we see that 73 = yo (I — Py)~! is the Gaussian measure
associated to the Brownian bridge (B )¢cjo,1) with covariance kernel

Ky :(t,s) €[0,1]* = Cov(B;, Bs) =t A s — ts.

Using now the fact that u — (R, i, ) x, x+ is a non-negative quadratic functional,

we see that fi = p3 = ¢, where t; = L js the maximum of variance of the

2
Brownian bridge B. Hence, we get A\; = 1, 21 = (t — 4(t A+ — 1)) (by the relation

1 )
AT = R%(S%) and hy = %xl. Furthermore, z7 = 6;, — %6,50 and vo = yo (I —P;)~!

1([u, 1])] < 1, the unique measure (up to sign) into
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PW(t), o =1 (PL— P)W(#), \ =0.25

Py— P)W(t), Ay =23 =0.125  (Py— P)W(t), Ay =... = \;=0.0625 I— P)W(t
1.0

0.8
0.6

0.4
0.2
+ + = + 0.0
: : : : : -0.2

-0.4
-0.6

-0.8
00 02 04 06 08 10 00 02 04 06 08 1.0

FIGURE 1. Decomposition of the standard Wiener measure on the
8 first steps.

is the Gaussian distribution of the process (I — P1)W :t — Wy — Wixo(t) — (W% —
%Wl)xl(t). By the assertion 9 of theorem 3.3, 2 is the conditional distribution of
W given Wy = 0, W% = 0. Using this interpretation, scale-invariance and spatial
Markov properties of the Wiener process, we immediately get

An =

T forn=2P+k k=0,..,22 -1 and p > 0.

Furthermore, the Hilbert basis (hn)n>0 of H(y) is given by ho(t) = t and hy(t) =
Jy Wy (s)ds, n > 1, where

2k 2k+1

V2P for s < s < 2L

/ — 2k+1 2k+2
hy(s) = q —V2p for e < s < 242,

0 otherwise

iftn=2P+k, k=0,..,27—1and p > 0. The family (h],)nen is the usual Haar
basis of L?([0,1],R). The functions (zy,),>0 are Schauder’s functions

Tn(t) = V2P 2R, (1)

corresponding to hat functions of height 1 and lying above the intervals [2%, kz‘t,l]
(n = 2P + k). The resulting decomposition > v/An&,(w)z, is the famous Lévy-
Ciesielski construction of Brownian motion on the interval [0,1] (see [10]). The
8 first steps (and the associated residual) of this decomposition are illustrated in

figure 1.

5. COMMENTS

(1) For v a Gaussian measure on a separable Hilbert space X, corollary 3.7
is equivalent to the spectral theorem applied to the self-adjoint compact
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operator 2. In the Banach case, corollary 3.7 says that

R'y = Z )\n<xn7 '>X,X*$n7
n>0

where (Ay,), is a non-increasing sequence that converges to zero and (z,),
is a sequence of unit norm vectors in X and orthogonal in H (). Further-
more, we have the same formula for the error (see comments below of its
importance for applications):

n

R, — Z ATk, ) X, X+ Tk
k=0

= )\nJrl-

Interpretation of the pairs (A, 2,) for each n is the following: for n = 0,
xo is a (unit) direction vector for a line in X that has the largest variance
possible (= Ag) by a projection of norm one (namely, the projection P,
in theorem 3.3). Remark that Py of norm one means P, orthogonal or
self-adjoint in the Hilbert case. By considering the measure v; = vy o (I —
Py)~1, the vector x7 is the direction vector for a line in the subspace (I —
Py)X that has the largest variance possible and so on. In the Hilbert case,
this decomposition process is known as (functional) principal component
analysis.

In this work, we assume the Radon measure v to be Gaussian. By a slight
modification of the proof of lemma 3.1, the decomposition is valid if we
assume only [ |#||* y(dz) < 400 and results have to be interpreted in
a mean-square sense (in particular, independence becomes non correlation
and last parts of lemma 3.1 and theorem 3.3 on conditioning are valid only
in the Gaussian case).

The random series representation Zn>0 \/Xn«fn (w)zy in corollary 3.8 is a
generalization of the Karhunen-Loéeve expansion based on the corresponding
decomposition of the covariance operator Ry = Y < A (Tn, ) x,x*Zn-
The decomposition of the classical Wiener measure shows that

1 1 1
n= 142X S AX — 4=
En/\ + 12X gHAx =400

due to the "multiplicity” of the values \,. In the Hilbert case, this sum is
always finite and is the trace of the operator R,. Furthermore, this finite-
trace property is characteristic of Gaussian measures on Hilbert spaces.
Such a characterization in the Banach case is still an open problem.
Gaussian hypothesis is motivated by applications both in Gaussian process
regression (or Kriging, see [11]) and Bayesian inverse problems ([13]). As
theorem 3.3 indicates, we are interested in an efficient algorithm to con-
struct a design of experiments (see [4]) or a training set (functionals (fy,)n
or, equivalently, (z}),). Error expression ||[Ry — >, _g Ae(@k, ) x, x| =
SUP ey R, .. fllx = Ang1 in corollary 3.7 says that we have a precise
quantification of uncertainty in terms of confidence interval in the Gaussian
case.
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6. CONCLUSION

In this work, we suggest a Karhunen-Loeve expansion for a Gaussian measure on
a separable Banach space based on a corresponding decomposition of its covariance
operator. In some sense, this decomposition generalizes the Hilbert case. Lévy’s
construction of Brownian motion appears to be a particular case of such an expan-
sion. Finally, we believe that this result will be useful both in pure and applied
mathematics since it provides a canonical representation of Gaussian measures on
separable Banach spaces.
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PRrROOFS
Proof of lemma 3.2. (1) Since R, fo = Aoxo, we have
Moo, fo)x,x+ = (Ry fo, fo)x,x- = Ao

and Ao > 0 implies (o, fo) x,x» = 1. The second equality is obtained from
the definition of hg and the reproducing property:

R0l = (hos ho)y = (0, Aozo)y = (0, Ry fo)y = (0, fo)x,x+ = 1.

(2) Since Pyxo = (z0, fo)x.x+To = T, we have P? = Py and P, is clearly the
projection onto Rz along the null space of fo € X*. Now, if h € H(v), we
get by the reproducing property:

Poh = (h, Ry fo)yxo = (h, Aoxo)yxo = (h, ho)yho = Qoh.

(3) As bounded linear transformations of a (centered) Gaussian measure, both
Yxo and ; are (centered) Gaussian measures. Consider the decomposition
in X*:
f=Pif+(-P)f.
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Now, the random variable Py f = (xo, f)x,x~ fo is Gaussian with variance
(Rwof,ﬁx,x* = )\0<$0af>§(,x* and (I — P5)f = f — (o, f)xx-fo is
Gaussian with variance (R, f, f)x x+. To show that Pjf and (I — Py)f
are independent, we compute their covariance:

/X (B Fex- (o, (1 = P§) e x/(d)
- /X (20, F)x.x- (@ fo)xx- (@, ) — (o, ) (@, ) y(de)

= (20, [)x,x (Ryfo, [)x.x+ — Mo(zo, [)X x-
=0.

Using the characteristic function of 7, we get by independence

A(f) = /X i P FHI=EDN) x Xy (de) = 7o (F)71(f).

This proves v = 75, * 71 and also R, = R, + R,,.

(4) Consider the orthogonal decomposition H(y) = Rho & Hy where H; =
(Rho)*. Since R, f = Ao(xo, f)x x-w0 = (Ry f, ho)yho is the orthogonal
projection of R, f onto Rhg, we see that R, f = Ry, f + R4, f is the corre-
sponding orthogonal decomposition of R, f. Therefore, by the Pythagorean
theorem,

IR fI5 = 1R 15 + 1Ry, £
Now, using the relation R,, f = )\0<£C0,f>2x7x*l'0, we get [|[R, fII2 =
)\0<x07f>§(,X* = <R’Y>\0 fa f>X,X* (: ||R'Y>\0f||y>\0)7 thus

IRy fII2 = (Ry f, f)x.x+ — (Rao fy [)x.x= = (Ryy fo f) x x=-

Using the reproducing property in the Cameron-Martin space H (1), we
get [|Ry, flI2 = [|Ry, fl|2,. Since R,,(X*) is dense in H(v1), we conclude
that H(v1) is a subspace of H; and, in particular, (., .}, = (.,.),. Finally,
H(v1) = Hy by density of R, (X*) in H(vy).
(5) Using v = 7, * 71, we can write for all B € B(X):
(B) / (B — tzo) o dt
Y - ¥ 71 Zo \/m .
Since fo ~ N(0, ), we deduce that v(B|fo = t) = v (B — tzg) (as a
regular conditional probability).

O

Proof of theorem 3.3. (1) For n € N, ||hn|ly = 1 by construction. If n < m,
remark that h,, € span(ho, ..., hm—1) = H(vm)* to get (hy, hpm)~ = 0.
(2) By definition of x,, we have (z,, fn)x x» = 1. Now, the reproducing
property gives

Vf € Bx-, <$n7f>X,X* = <xn’R’Ynf>’Yn < Hxn”'vn <R’ynf7 f>X,X*-

Using the relations (R, f, f)x,x= < Ap and ||V \n2n |5, = [|hnlly = 1, we
get (xn, f)x,x» < 1. This proves that ||z,| x+ = (®n, fa)x,x = 1.
For k > I, hy, € H(v;) and the reproducing property gives

V@, fi)x e = (i, By, f1)y = V(i hu)y = 0.
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(8)
(9)
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Hence (zk, fi)x,x+ = 0 since A\ > 0.
For h € H(v), we have

n

Qnh = Z<h, )\kzk>7$k = Z<ha R’Yk fk>’Yxk'

k=0 k=0

According to the orthogonal decomposition
H(IY) = Spa/n(h()a ey hk—l) 3] H(’yk)a

we get that

(h, wak>7 = <h — Qk-1h, Rkak>w = <h — Qr-1h, fk>X,X*,

which proves the result.
Let z € X then P,z € span(xg, ..., ) = range(Qy) thus P,z € H(v) and
P, (Pnz) = Qn(Prx) = Pyx. Clearly, we have:

[ ker(fi) C ker(Py).

k=0

Conversely, if P,z = 0 then Pyz = 0 for all £ € [0,n] and 0 = (z —
Pr_qx, fk> = <:C, fk>X,X*; hence ker(Pn) C ﬂZ:O ker(fk).

Since Qn = P, on H(y), remark first that R, | = R,Py = QunR,
and also R, ,, = Ry(I — P,)" = (I — Qn)R,. In particular, R, ~, f=
Yoreo (Ry s hi)yhie = D5 _o Ak (@k, f)x,x+ 2. Consider now the decompo-
sition for f € X*:

f=Pf+{I=P)f.

The random variable P f is Gaussian with variance (R,  , f, f)x x~
and (I—P,)* f is Gaussian with variance (R, ., f, f)x x~. Since (R, P, f,(I—
P fixx- = {(I—-Qn)@QnRyf, f)x x+ =0, the random variables P} f and
(I — P,)*f are independent and we conclude as in lemma (3.2).

The proof is similar to the proof of (4) in lemma (3.2). Introduce the
space Hy,11 = span(ho, ..., hn)*, we have that (R, ., (X*),(.,.),.,) is a
subspace of Hy1, which is sufficient to prove H(yp+1) = Hp41 as Hilbert
spaces.

For n > 0 and h € H(y), we write (h, Ryz})y = (h, (I — Po1)*fu)x,x+,
thus (h, Ryz7)y = (I = Qu-1)h, fo)x,x+ = (I = Qu-1)h, Ry, fn)+-

Using now the relation R, f, = An@y, we finally get (h, R x% )y = (h, App ),
which proves Ryz} = A\,x,. In particular, (R x),z%)x x+ = Ap. In the
same way, we get (Ryx) ,2%) x x» = 0 if m # n. Hence, the random vari-
ables z}, are independent with respective variance A,,. The computation of
this sequence comes from the identity P) f = ZZ:O@;C, f)x x+xj.

This is a reformulation of the previous statement about the sequence (z),,.
This last assertion is a direct consequence of (5) and (7).

O
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