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ABSTRACT 

The aim of this work is to re-examine and, if need be, to discuss or modify several of the 

elements of the classical aggregation dynamics models and to adapt them to the case of 

aggregation in non-wetting media and particularly alumina inclusions aggregation in a 

turbulent flow of liquid steel. As proved by several experiments and models, solid particles in 

contact in non-wetting media are linked by gaseous bridges which may pre-exist prior to the 

aggregate formation. In this paper, the role of these gaseous cavities in the aggregation 

process is considered. In particular, a complete calculation of the interaction force between 

hydrophobic surfaces (Bjerkness- Ruckenstein model) is performed. Main aspects of the 

aggregation dynamics are envisaged in the particular conditions which result from non-

wetting. Hydrodynamic interactions between particles are modified by non-wetting, thus the 

collision efficiency coefficient and the aggregation kernel. The fragmentation kernel of the 

aggregates, however, is modified to a larger extent and is equal to zero in most cases. 

Numerical applications are presented in the reference case (alumina particles in liquid steel). 

A general procedure of use of this model in other non-wetting situations is given too. 

 (*) corresponding author: cournil@emse.fr  
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INTRODUCTION 

Aggregation of hydrophilic particles in stirred liquid media can be considered as a relatively 

well understood process in spite of the variety and complexity of its aspects. Good models 

exist in particular for representing the physicochemical interactions between aggregates and 

for predicting the collision rates and their efficiency [1-9]. The procedure proposed by 

Kusters et al [8] has revealed so far particularly efficient to take into account the porous 

character of the aggregates in a comprehensive dynamical model.  

Aggregation of solid particles in non wetting media is less known, at least on certain 

aspects. A large number of experimental works indeed have definitely proved the existence 

of strong long range (20-200 nm) attractive forces between hydrophobic surfaces in water 

[10-13]. Their most likely explanation focuses upon the bridging of nanobubbles which 

pre-exist on the hydrophobic surface. The existence of these bubbles has been first deduced 

from force measurements and then confirmed by direct observations [14-18]. Concerning 

the aggregation process itself, these bubbles play a major role, in bridging the particles 

which have entered in contact. Hydrodynamic aspects are also relatively well known: drag 

force on hydrophobic particle, repulsive hydrodynamic force between hydrophobic 

particles in motion. 

In recent works, we investigated two experimental situations of solid aggregation in non-

wetting conditions. The first one concerns "clean" steel production [19]. Steel-making 

processes include a de-oxidation step in which a reducing agent, Aluminium, for instance, is 

added to the liquid steel. Consequence is the formation in the bath of metal oxide particles, 

typically, 3 to 10 m alumina inclusions. Observations show that these inclusions tend to 

gather and to form ramified clusters of 50 to 300 m which keep a strong cohesion in spite of 
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the highly turbulent conditions created by the melt flow in certain parts of the reactor. These 

clusters are responsible for defects which may seriously alter the steel mechanical properties. 

The conditions of formation and the characteristics of these aggregates have given rise to 

several works for many years [20-22]. Assumption of gas bridges between particles was put 

forward in this case too to explain the high cohesion and size of the observed agglomerates. 

We re-visited recently this problem [19]. Because of the lack for results due to the difficult 

experimental conditions (temperature 2000K), we developed the analogy with aggregation of 

hydrophobic silica particles in water-ethanol solution [23]. In particular, we clearly proved 

that the unusual optical properties of the aggregates could be explained by the invasion of 

their structure by gas pockets. 

For practical reasons of product quality, process control, equipment sizing and design, 

comprehensive models of aggregation dynamics in non-wetting media are becoming 

necessary. To our knowledge, however, no quantitative predictive model - we mean 

comparable to Kusters approach [8] - is presently available to analyse and interpret 

aggregation in non-wetting media. 

From a general point of view, aggregation models should take into account the following 

aspects [7-9]: i) nature and intensity of physicochemical interactions between separate solid 

particles at rest; ii) collision frequency; iii) collision efficiency; iv) link creation between 

particles; v) fragmentation; vi) aggregate morphology. 

The aim of this work is to re-examine and, if need be, to discuss or modify several of the 

elements of the classical aggregation models and to adapt them to the case of aggregation in 

non-wetting media and particularly alumina inclusions aggregation in a turbulent flow of 

liquid steel.  
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A simplified version of this model has been applied to the case of hydrophobic silica 

aggregation [23] in aqueous media; however its complete development has never been 

published extensively yet. 

GEOMETRICAL CONFIGURATION AND INTERACTION FORCES 

Three-phase systems in case of non wetting 

For the reference system, alumina (S), liquid steel (L) and gas (G), respective interfacial 

tensions at the operating temperature of 2000K are: SG = 0.65 J.m-2, LG = 1.70 J.m-2, SL = 

1.96 J.m-2. Equilibrium of the contact line between the three phases gas-liquid-solid (when it 

exists) imposes the Young relation: 

SG - SL = LG cos (1) 

In the present case,  =140° (2.44 radians). Contact angle is greater than 90°, as expected in 

case of non-wetting. 

The presence of bubbles at the surface of hydrophobic surfaces in water has been first 

deduced from force measurements and then confirmed by direct observations [17-18]. Two 

different configurations of gas - liquid - solid systems are shown in Figure 1 because of their 

possible role in aggregation in non-wetting media. The existence and evolution possibility of 

each configuration can be determined from thermodynamic considerations using the Gibbs 

enthalpy of formation Gn of the gas-liquid-solid system [17, 24-25].  

)cos(ln  SGLGLG
sat

ext
n SS

P

P
TnG  R  (2) 

n is the mole number in the gas phase, T, the temperature, R, the gas constant, Pext, the 

external pressure, Psat, the saturation pressure of liquid at 2000 K. SLG and SSG are the 

respective changes in liquid-gas and solid-gas interfacial areas. 
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 spherical bubble on a solid support (Figure 1a) 

Concerning convex bubbles, as Gn and d(Gn)/dn are positive, neither nucleation nor 

development of such bubbles are spontaneous. In the actual conditions of steel melts which 

are generally stirred by argon flow injection, free bubbles may pre-exist, however, and be 

captured by the solid surfaces.  

* gas cavity in a pore 

The possibility of formation of a gas cavity in a pore or a crevice of the solid surface is 

considered now. This geometrical configuration has not been envisaged so far in the 

literature. We first assume that the crevice has flat walls, which correspond to a cylindrical 

concave liquid-gas interface (Figure 1b) 

The half-angle of the crevice is denoted  ( <  -   ), the “dry” length, hd, the transversal 

width, L. VG and PG are the respective gas phase volume and pressure. After expressing the 

different geometric parameters of this configuration and putting them into expression (2) of 

Gn, we obtain: 

Gn = LGd
sat

ext
GG Lh

P

P
VP 















 cos2)22(

)cos(

sin
ln  (3) 

In the system considered here, the solid phase generally consists of small inclusions of typical 

size 5 m It is likely that vapour pressure in the cavity does not fall below the saturation value 

Psat; thus, in what follows, in agreement with [12, 25] we will assume that PG = Psat. 

We come back now to the thermodynamic meaning of Gn. From basic mathematical analysis 

of Eqn (3), it follows that: Gn is zero for hd = 0, then decreases at increasing hd , thus takes 

negative values while hd is lower than threshold value hc which is much larger than the 

inclusion size (for  = 5° and the reference system hc = 0.11 m !). According to the previous 

thermodynamic criteria, it follows that gas cavities can spontaneous nucleate and grow in 



 

 

6 

most of the pores, holes or crevices of the inclusion surface and probably fill them to reach 

the external surface. This seems to be a general result. For instance it is also verified with 

conical pores. In both cases, the same geometrical constraint: <  -    (that is to say:  < 

50° for alumina in liquid steel) should be verified. 

Thus we propose to consider that the surface of a solid particle immersed in a non-wetting 

liquid is partially covered with a gas layer which consists of the upper interface of different 

cavities filled with gas (Figure 2). 

This situation is quite consistent with the most recent models and experimental observations 

[14, 18, 25-26]. 

Interactions between separate solid particles at rest in non-wetting medium 

From a general point of view, motionless particles in interaction in a fluid medium are 

submitted to the respective forces of London-Van der Waals attraction and electrochemical 

double layer repulsion [27, 28]. 

In the present case of non-aqueous medium, Van der Waals forces are still active, whereas 

electrochemical forces are irrelevant. We will also show that presence of gas bubbles or 

cavities at the particle surfaces results in attractive forces which will be estimated below. 

 - Van der Waals force 

This force, Fw, has its origin in interactions between instantaneous induced dipoles [28]. For 

two spheres of radii R separated by a distance h; it is given by: 

FW= )2(
6 R

h
P

R

A
   (4) 

Function P is defined by: 
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
  (5) 

A, the Hamaker constant can be calculated according two methods [29, 30]. To our 

knowledge, its determination for alumina particles in molten steel has never been done before. 

The Lifshitz method, which we preferred in our calculations, only requires the knowledge of 

the relative permittivity of the different media. For sake of space, we only give the result of 

the calculation, i.e.: 

  A = 1.0 x 10-19 J 

This is a common value for Hamaker constant of a solid compound in a liquid phase. 

-   interaction forces in case of non-wetting 

As said before, strong attractive forces between hydrophobic particles in water are generally 

associated with the presence of micro- or nanobubbles at their surface. This explanation, 

however, often suggests prior contact or nearly-contact between particles to allow gaseous 

bridging whereas several experiments seem to prove that the interaction exists before. A few 

theoretical works propose different possible interpretations for the “hydrophobic” force: 

i) assumption of a force from electrostatic origin seems to have been definitively abandoned 

[31] because of insensitivity to the Debye length of the liquid solution and anyway is not 

relevant in case of non-aqueous media. 

ii) other models take into account the solvent structure in the vicinity of the interface and 

particularly the solvation effect; in these conditions, it appears that hydrophobicity can result 

in a decrease in the solvent density and an increase in the attractive forces [32, 33]. The range 

of this effect however is not beyond 4 nm, thus is not sufficient to explain interactions still 

effective up to several tens of nanometers.   
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iii) mechanical origin: [25, 26, 34] have calculated interactions between surfaces covered with 

gaseous gaps, however separated by a liquid layer. They do not agree on the origin of the 

interaction: elastic propagation for Yaminski and Ninham [25], hydrodynamic interactions 

between pulsating bubbles for [26, 34]. These two models predict a long range attractive force 

and remain realistic when the liquid phase consists of molten steel. The latter gives a better 

interpretation of the temperature dependence of the hydrophobic force, thus will be developed 

quantitatively in the follow-up: 

 - calculation of the interaction force (Bjerkness force) 

calculation principle 

We refer here to the approach of [26, 34] which attributes a hydrodynamic origin to the 

interaction force between hydrophobic surfaces in water. Starting point of this model is the 

Bjerkness force which is known to appear between two oscillating bubbles (A and B) in a 

liquid and is equal to: 

 
2

2 22 cos2

r

rr
f BAbBbA
B


  (6) 

In this relation,  is the liquid phase density, rbA and rbB, the respective bubble radii, A and 

B, the respective bubble oscillation amplitudes;  the pulsation and r the separation distance 

between bubbles and the phase difference. 

Assuming identical bubbles and zero phase difference, Equation (6) becomes: 

 
2

2 242

r

r
f b

B


  (7) 

Considering that each particle surface is covered with identical pulsating gas bubbles or 

cavities, next steps of total force calculation are: 

i. expression of unknown parameters rb,  and  
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ii. integration of Equation [6] over all the bubble pairs 

We do not adopt strictly the approach of Ruckenstein’s [34] work for three reasons: 

- in his work, rb,  and  are essentially derived from dimensionless analysis, whereas in the 

present paper other methods of determination are proposed (see subsection: parameter 

estimation); 

- viscosity effect on interaction between particles can be stated more precisely; 

- integral calculation in [34] seems us doubtful and no quantitative values of the resulting 

forces are obtained. 

parameter estimation 

Bubble radius rb is imposed by the porosity or  similarly roughness scales.  Both should vary 

in the range: [rb1 = 10-8 m; rb2 = 10-7 m]. Bubble pulsations take their origin in the local 

thermal fluctuations; their relative amplitude 
br


   should range between 10-2 and 10-1. 

This variation range is roughly estimated.  It takes into account the bubble inertia. Larger 

values of oscillation amplitude are possible however not necessary for bubbles to establish 

bridges between the two surfaces. From thermodynamic reasoning, it is possible to prove that 

these sort of bridges spontaneously develop around the contact points between particles. In 

this section we only insist on the fact that small oscillations may bring about noticeable 

Bjerknes forces. 

Lastly,  is the pulsation value corresponding to the proper oscillation frequency of the 

bubble, i.e.:  

 
3

b

LG

r


   (8) 
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For the system investigated here,  varies between ’ = 4.5 x 108 s-1 and ’’ = 1.4 x 1010 s-1 

(values respectively taken for rb2 and rb1). 

viscosity role 

Viscosity is well known for its damping effect on the wave amplitudes which rapidly 

decreases with distance r from the pulsating surface according to an exponential law in e-r/d 

[35].  Depth penetration d is given by: 

 


2
d  (9) 

Here, for a dynamic viscosity of 4.9 x 10-3 kg.m-1.s-1, d varies between d1 = 1.0 x 10-8 m and 

d2 = 5.7 x 10-8 m. 

From (7), (8) and (9) follows: 

 









d

r

r

r
f LGb

B exp
2

23 
 (10) 

Factor 2 has been omitted because only half part of each bubble is affected by the interaction. 

integration over two hemispherical surfaces 

We consider now the gaseous cavities located in the pores of two identical spherical particles 

distant from separation h (Figure 3); we denote by p the surface coverage ratio by these pores 

and by ’ the ratio of these pores actually filled with gas (“active” pores). As the formation of 

gas bubbles in the pores is always thermodynamically possible, ’ is close to 1. The number 

of gas cavities per unit surface area is then: 

 
2

'

b

p
b

r
n




  (11) 

Integration of Equation (11) over the active pores gives the interaction force between the 

spherical particles: 
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SSe
r
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r
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r
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
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

 (12) 

Subscripts 1 and 2 refer to spheres 1 and 2. Integration concerns surfaces facing each other. 

12r is the vector joining a point of surface 1 and a point of surface 2. u  is the unit vector of the 

straight line which connects the centres of the two spheres. 1  denotes the angle between the 

normal to the sphere at point M1 and vector 12r  (resp. 2 and M2). 

After adimensioning all lengths (including d) by division by radius R, we obtain: 

 I
r

R
F

b
LGpB

2
222

'
1




  (13) 

with 213

12

12
21

.
ecoscos

12

dSdS
r

ru
I d

r


   

I is a dimensionless integral. 

This interaction force can be now compared to the van der Waals interaction (4, 5): 

 
)2(

),(
/

hP

dhI

F

F
r

W

B
WB


   (14) 

 

with: 

b

LG
p

Ar

R3
222

'
6 




   (15) 

numerical application : 

We propose now to compare FB and FW, taking the following set of numerical values which 

have been justified above in this paper. 

p = 0.2 ; ’ = 1 ;  = 0.03 ; rb = 3 x 10-8 m ; A = 10-19 J ; LG = 1.7 J.m-2 ; R = 10-6 m ; d = 3 x 10-8 m 
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Whatever d values, a maximum of FB /FW is observed for h = 2d. Other numerical works, not 

presented here, prove that the maximum value of FB /FW is little sensitive to particle radius R. 

Moreover, maximum value of FB/FW is an increasing function of d (Table 1). From these 

results, it is clear that if d < 0.01 m, Bjerkness force is negligible when compared to van der 

Waals force. On the contrary, if d > 0.1 m, van der Waals force becomes negligible when 

compared to Bjerkness force. Our reference experimental case (d from 0.01 m to 0.06 m) is 

in-between, thus: 0.1 < FB /FW < 40. 

This means that van der Waals and Bjerkness forces are of similar order of magnitude in the 

reference case. We will come back further to the actual influence of such forces on 

aggregation dynamics. 

Forces between particles linked by a gas bridge in a non-wetting medium 

Configuration in which the two particle surfaces are linked by a toroidal gas bridge is 

considered now (Figure 4). Problem of determination of forces due to the presence of such 

material bridge between solid particles has been studied by many authors. Most of the works 

were devoted to the determination of the capillary binding forces due to liquid bridges [36-

38]. Case of gaseous bridges is quite similar [10-12]. 

In all these works, force FG between two particles is broken down into two contributions: the 

capillary force F1 due to the surface tension of the bridge and the pressure force F2 due to the 

pressure deficiency in the bridge. After some controversies on the most exact way to calculate 

these forces, particularly in the framework of the toroidal approximation, it seems now that 

the predictions of the “gorge method” [38] are considered as the best when compared to 

experimental results. The “gorge method” consists in calculating the previous two forces at 

the neck of the bridge. For geometry of Figure 4 relative to two plane surfaces connected by a 

gaseous bridge, this gives: 
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  F1 = 2r1LG    (16) 

  F2 = r1
2LG 










12

11

rr
    (17) 

thus: 






 


2

12
1LG   

r

rr
rFG     (18) 

It is now possible to compare FG to van der Waals force Fw, (4) for alumina in liquid steel.  

Taking h = - 2 r2 cos   and r1  r2, one obtains : 
2

1

1010  4.1

rF

F

G

W


 where r1 is expressed in 

micrometers. This confirms, if need be, that van der Waals forces are negligible once the gas 

bridge is established; thus the cohesion force of the doublet of particles is considerably higher 

than in the case of aggregation in wetting conditions. This point will be examined again in the 

next section. 

Aggregation mechanism of solid particles in non-wetting medium 

From Eqn (2), the Gibbs enthalpy of formation of the gas bridge is: 

 )cos( 2log  11
2

1  rhr
P

P
hPrG LG

sat

ext
Gn     (19) 

Gn is a function of the two independent parameters r1 and h. 

Whatever the value of PG, Gn is an increasing function of h. For zero h, Gn is negative and 

decreases when r1 increases ; for non zero h, Gn first increases and takes positive values 

when r1 increases up to a value r’c which is practically equal to : -h /(2cos), then Gn 

decreases and becomes negative beyond a value r”c of about -h /cos. 

From these properties it appears that a gas bridge between two plane surfaces can spontaneous 

appear only if they are in contact, otherwise, an activation is necessary. Once a gas bridge is 
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formed, it can spontaneously evolve in the following way (Figure 4): lateral growth if r1 is 

larger than r’c, and shrinkage according to h till the surfaces are in contact. 

From the previous discussions, it has been possible to determine the main static characteristics 

of aggregation of solid particles in a non-wetting medium and thus to clarify the conditions of 

calculation of the aggregation and fragmentation kernels. The main points to highlight are: 

i) spontaneous formation of gaseous cavities in the pores which may widely modify the solid-

liquid interface, conferring it, at least to some extent, the characteristics of a gas-liquid 

interface; 

ii) interaction between particles covered with these gas cavities: a new model of calculation of 

the resulting static hydrodynamic force is proposed, however, in the investigated system 

(alumina inclusion in liquid steel), this force is probably of the same order of magnitude as 

the van der Waals force; 

iii) spontaneous bridging between two particles when contact occurs at the level of a gas 

cavity; 

iv) spontaneous lateral development of this bridge over the particle surface; 

v) existence of strong forces of cohesion due to this gas bridge. 

 

DYNAMICAL ASPECTS OF AGGREGATION IN NON-WETTING MEDIA 

In this section, we will successively examine the effect of non-wetting and connected 

phenomena on the aggregation and fragmentation kernels. 

Aggregation kernels 

We consider the typical case of 5 m solid grains in a turbulent medium with a 50 m 

Kolmogorov scale. In these conditions, particle motion is imposed by liquid motion and not 

by Brownian agitation. Moreover, at the eddy scale, the solid particles can be considered as 
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submitted to a local laminar flow characterised by a velocity gradient  . Two particles located 

on neighbouring streamlines follow parallel trajectories, however with different velocities 

which make possible their collision. 

If we consider a suspension consisting of several classes of particles or aggregates (mean 

radius Ri and density by number ni), the collision frequency of particle i with particle j can be 

calculated as follows [1]: 

   jjiij nRRJ 3
.

0   
3

4
   (20) 

In a turbulent flow,  is proportional to

2/1













, where  is the turbulent energy dissipation 

rate per unit mass and  the kinematic viscosity. 

Comprehensive aggregation models should take into account the modifications brought to the 

previous collision frequency by the interaction forces between particles. Some of these forces 

also exist in motionless system, as we saw before; others, however, appear only with motion 

(fluid drainage). To take into account these effects, the modified collision frequency is written 

in the form: 

 0

ijijij JJ   (21) 

where ij is the collision efficiency coefficient. 

The main objective of this section is to calculate ij. This has been already done in the case of 

wetting liquid, when the conventional no-slip condition is fulfilled [5, 6, 9].  

In case of non-wetting, the presence of a great number of gas bubbles or cavities at the 

interface may result in noticeable slippage of the liquid.  In the case of a sphere immersed in a 

flow, slippage is characterized by following boundary conditions, at the sphere surface: 
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
 


 rbV   (22) 

V is the tangential velocity and 


 r  is the projection on the tangential plane of the velocity 

gradient tensor; b is the so-called slip-length. b is zero in case of no-slip (wetting conditions). 

Symmetrical extreme case (b  ) would correspond to gas-liquid interface. 

Slippage effects have been already considered in situations of a non-wetting liquid on a solid 

surface [39-41]. In particular, Vinogradova [41] calculated the hydrodynamic resistance force 

between two hydrophobic surfaces and showed that in some cases, the approach velocity of 

particle can drop to zero and aggregation does not occur. However, to our knowledge, 

collision efficiency ij between two particles in non-wetting medium has not been calculated 

yet. Solving this problem would be particularly useful because aggregation dynamics could be 

formulated in the same terms both in hydrophobic and hydrophilic case.  

ij value is determined in several steps:  

i) single spherical particle in a flow field [41, 42] 

In case of wetting, the force exerted by a fluid of velocity V on a spherical particle at rest of 

radius R is: 

 RVF 6


 (23) 

f R1 6  is the friction coefficient. 

In case of non wetting: 

 
bR

bR
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2
6




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
 (24)  

thus the friction coefficient f h

1 :  
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   (25) 

ii) particle doublet in a flow field: case of wetting 

Fluid drainage between two particles results in the hydrodynamic resistance force: 

vfFss 2   (26) 

To incorporate hydrodynamical and physicochemical interactions into the flow-rate 

calculation in the case of Brownian aggregation, Spielman [4] modified as follows the 

Smoluchovski expression of aggregation rate in the case of two identical spheres of radius R:  

 
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where Db is the Brownian diffusion coefficient, V is the interaction potential (from 

physicochemical origin) and G(r) a correction factor which links friction factor f1 of a single 

particle and factor f2 of a doublet: 
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This correction factor expresses the hindrance to collision due to the presence of a liquid layer 

of thickness h between two particles (hydrodynamic interaction). According to Derjaguin and 

Müller [43], the easiest way to express G(h) is: 

hR

h
hG

2

2
)(


   (29) 

Remark: when h tends to zero G(h) behaves as :   

R

h
hG

2
)(0    (30) 

thus G(h) can be written as:  



 

 

18 
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In [44] two of us proposed to extend the approach of Spielman to the situation of turbulent 

aggregation, by only replacing Db for the turbulent diffusivity Dt.  

In the case of London-van der Waals attractive forces, an elementary calculation [44] starting 

from Eqn (27) leads to the expression of the collision efficiency between two particles:  
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where V’ is the dimensionless interaction potential 
A

V
V 6'   and r

r

R
'  . 

CA is a dimensionless number which compares physical and hydrodynamic forces: 

 3 36 R

A
CA


  (33) 

The previous development is valid for no-slip conditions at the solid-liquid interface. We will 

now examine the modifications induced by non-wetting and slippage. 

iii) particle doublet in a flow field : case of non-wetting 

To introduce modifications due to non-wetting, coefficient hf2  expression in the new flow 

conditions is needed. This calculation can be found in [40]. 
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In the same way as we did in (32), we can define a correction coefficient Gh adapted to the 

case of interaction between two particles in a non-wetting medium: 
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In fact, as expression (34) of hf2 is strictly valid for small
R

h
, putting it in (35) will give 

us  G hh

0 ; at larger interparticular separations,  hGh  is obtained from (31).  

Moreover, a slight modification to previous equations is still necessary. We are reasoning 

here within the context of Spielman theory (two spheres in motion;
R

h
hG

2
)(0  ) whereas 

Vinogradova [40, 41] results refer to only a mobile (
R

h
hG

4
)(0  ). To conciliate the two 

approaches we have to adopt in the sequel 
 

2

0 hGh instead of  G hh

0 . Thus, from (30), (31), 

(34) and (35): 
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G hh( )  appears as a function of 
h

R
 parameterised by 

b

R
. 

Lastly, to calculate the collision efficiency coefficient  of two spherical grains in case of 

non-wetting, we have to put expression (36) into relation (32). This gives: 
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Figure 5 shows the variation of 2,1
h versus CA for different values of 

b

R
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Remark: in the previous reasoning, non-wetting is taken into account only via the new 

expression of G (h); rigorously we should have replaced the Wan der Waals potential by the 

expression obtained from the Ruckenstein-Bjerkness approach (13). This would have led us 

to heavy calculation that we can avoid by keeping the van der Waals expression and the 

derived parameter CA (33), however by letting CA vary over a large range of values. This 

point will be examined more quantitatively just below. 

iv) collision efficiency for aggregation of alumina in liquid steel 

Before estimating 2,1
h  for the alumina- liquid steel system (particles of radius 5 m), we 

have to determine parameters CA in the most common conditions of aggregation. The 

numerical values of the problem characteristics are shown in Table 2.  

In the considered domain of CA values 2,1
h  is moderately sensitive to CA (Figure 5). For 

instance, for hundred or thousand times as large Hamaker constants,  is at the highest 

multiplied by 2.  

In their respective works, Parker et al. [12] and Vinogradova [40] proposed b values ranging 

between 0.1 and 0.5 µm. For our reference system, no estimation of slip length is available. 

Likely presence of gas pockets in the porosity as discussed before rather suggests higher 

values of b (consistent with gas-liquid interface) and b/R values. From Figure 5, it is clear 

than 2,1
h  is an increasing function of parameter b. Table 3 highlights typical results. It 

appears that non-wetting significantly increases the collision efficiency, thus of the 

aggregation rate in the same experimental conditions. Effect is more pronounced at lower 

turbulence intensity. 

Remark: The interaction forces due to the presence of gas cavities (see above Ruckenstein 

model (13)) are certainly not of the same mathematical form as van der Waals forces, 

however, as their intensity is probably not much lower nor higher, the previous calculations 

(Figure 5; Table 3) are valid in this case too, at least to give a good approximation of 
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2,1
h values with a corrected Hamaker constant value in CA that we obtain by multiplying 

original value of CA by factor (rB/W +1). 

Fragmentation  

Fragmentation is often invoked to explain that a maximum aggregate size is almost always 

observed in the aggregation processes [7, 45]. The occurrence of break-up depends on the 

balance between the disaggregation effects due to the action of the fluid and the overall 

cohesion of the aggregate due to the interactions between primary particles.  

In the present case of non-wetting, the situation of fragmentation is quite new because, as 

we saw before, the different particles are linked by gas bridges. To our knowledge this 

problem has not been studied yet. 

In this paper, we only propose a preliminary discussion and examine the fragmentation 

conditions of a doublet of identical spherical particles in two stages of its formation, i.e., 

just after the collision between the particles and later when the gas bridge is built up. 

- particle “adhesion” 

In what follows, we assume that gas cavities pre-exist at or under the surface of the solid 

particles. 

The building up of a gaseous bridge between two neighbouring inclusions requires that the 

two colliding particles stay close to each other for a time sufficient to form and spread this 

gaseous link on the contact surface. Similar situations have been envisaged for 

agglomeration from supersaturated solutions [46, 47] and for coalescence processes in 

liquid-liquid dispersions [48]. The methods used by the authors, in spite of their 

differences, consist in comparing the time tb needed to form the bridge (whatever its 

nature) and the time tp spent by the particles in close proximity.  
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For particles and aggregates smaller than the Kolmogorov microscale and thus submitted 

to the shear rate  , tp is currently taken equal to  1 , thus:  

 tp 

2/1













 (38) 

To estimate tb, we consider a system of two inclusions plane surfaces separated by a narrow 

gap (Figure 4). This type of problem has already been tackled, however, at the molecular 

scale [49]. We propose here a macroscopic hydrodynamic approach. Time tb, the drainage 

time of the liquid film is also the propagation time of the toroidal liquid-gas meniscus in 

this configuration (which is assumed axisymmetric). The motion of the meniscus is due to 

the pressure difference P between the gas-liquid interface and the liquid phase outside the 

slit, i.e., according to previous developments in this paper:  

 P = (Psat + LG 
cR

cos
) - Pext    (39) 

Rc is the curvature radius of the meniscus. Let HM be the radius of each inclusion surface 

(HM   2.5 m). Gas bubbles are assumed to be present in the vicinity of the surface in 

underlying cavities (as seen before) and can feed the slit with gas. To calculate the time 

needed for the gas pocket to develop from size zero to size HM, we have to solve the 

following equation system: 

i) Navier-Stokes equation (radial component in cylindrical coordinates)) 
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ii) flow-rate conservation 

 rvr = f(t, z) (41) 
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r is the radial coordinate, z, the transversal coordinate, vr is the radial velocity (the only 

non-zero component of the velocity), , the fluid dynamic velocity, , its density and f a 

function of only time t and z. 

If we assume too that the drainage flow is laminar (parabolic profile in z), previous system 

can be solved. We obtain in particular: 

 
cLG

M
b

R

H
t





cos4

3 2

          (42) 

 Numerical values of parameters in Equations (38) and (42) have been already specified 

except Rc which is difficult to estimate. For Rc = 1 m, tb = 1.9 x 10-8 s; for Rc = 0.01 m, 

tb = 1.9 x 10-6 s; this latter value is certainly the highest possible value of tb as lower values 

of Rc can be hardly envisaged (because of probable surface asperities for instance). As, on 

the other hand, tp ranges between 1.7 x 10-3 and 5 x 10 -2 s, it is quite clear that the time 

needed to build up a gas bridge is considerably shorter than the duration of the contact. 

Thus sticking probability of the two inclusions is close to 1, once contact has occurred. 

- doublet rupture 

The authors generally express the competition between the disaggregation and the 

cohesion effects using the ratio



;  is the mean mechanical strength of the aggregate and 

 is the mean shear [50-52]. The breakage rate is proportional to 
.






e . The breakage rate 

depends on the hydrodynamic conditions of the flow, via the energy dissipation rate and 

the dynamic viscosity and on the characteristics of the aggregates: outer radius, fractal 

dimension, primary particle radius and cohesion force between two primary particles.  

The action of a shear flow on a doublet of spherical particles has been studied by several 

authors [53, 54]. Another interesting bibliographic source concerns the studies of rupture 
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of pendular (liquid) bridges between particles (Simmons et al., 1994) which present a 

certain similarity with the investigated problem. As previously, we do not present here a 

complete study of the fragmentation phenomenon by breakage of the bridge, but, we only 

submit qualitative aspects. 

In Equation (18), we gave the expression of the force acting between two particles linked 

by a gas bridge. This force can be compared to the tensile force acting on a doublet in 

planar linear shear field [54]. 

FD  4 
.

 R  

where coefficient is equal to 4.83 for particles in contact 

For common parameter values of the liquid steel-alumina system and r1 = r2 = 2 m and 

R = 2.5 m: 

FG = 2.1 x 10-5 N and FD = 3 x 10-10 to 9 x 10-9 N.  

It is quite clear that, even if the approximations used here are simplistic, the disruption 

force of the fluid is considerably lower than the cohesion force of the doublet and that 

fragmentation of a gaseous bridge by the liquid flow seems to be very unlikely. The 

consequence is that very large aggregates can be expected in aggregation in non-wetting 

media.  

CONCLUSION 

In this paper we propose a set of theoretical considerations in the aim of building a model 

of aggregation of a solid in a non-wetting liquid. From thermodynamic considerations we 

prove that gas pockets can spontaneously form in the underlying cavities of the solid-liquid 

surface. These cavities play an essential part in the formation of gas bridges between 
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particles in contact. The role of this interfacial gas layer is examined in three steps of the 

aggregation mechanism: 

i) the possible hydrodynamic force which results from coupled pulsations between gas 

cavities is proved to be lower or larger than van der Waals force according to the problem 

parameters, however probably never high enough to noticeably modify the aggregation 

kinetics ; 

ii) liquid drainage between approaching particles is facilitated and thus collision efficiency 

is increased (approximately multiplied by 2); 

ii) particle adhesion via the formation of the gas bridge is very rapid and does not influence 

the aggregation dynamics; 

iii) the presence of a gas bridge between solid particles gives to the agglomerates a very 

strong cohesion which considerably reduces fragmentation. 

These new elements of interpretation have been introduced into the expressions of the 

aggregation and fragmentation kernels to give a comprehensive model of aggregation in 

non-wetting medium. Accurate validation of the previous theoretical approach on the 

investigated system alumina-liquid steel present obvious difficulties. Photographs, 

however, are available and confirm the presence of several hundreds of micrometers 

inclusion clusters. Integration of the dynamical part of our model in global codes of 

computational fluid dynamics (CFD) has been performed and gives good indications for 

the aggregates spatial distribution [19]. 

In a recent work, we presented an experimental study concerning aggregation of hydrophobic 

silica in water-ethanol mixtures and validated the present model in a correct way [23]. 

Aggregation was followed by turbidimetry. Figures 6 shows the best agreement which was 

found between experimental and calculated turbidity curves vs time in typical case of 
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aggregation of 0.5 m hydrophobic silica at stirring rate 400 rpm. Slip length is equal to 0.05 

m. Aggregates are relatively compact (fractal dimension 2.7) and contain a volume fraction 

in gas of 0.3. The procedure of determination of these two characteristics is explained in [23]. 

From a practical point of view, application and validation of the present model in the 

general experimental situation of a solid granular sample aggregating in non-wetting 

medium proceeds according to the following steps: 

i) collection of the product and system characteristics, in particular: solid particle 

size distribution, Hamaker constant, turbulent energy dissipation rate; 

ii) confirmation of the non-wetting conditions from contact angle measurement 

(when possible) or calculation according to equation (1); 

iii) estimation of the ratio hydrophobic force/van der Waals force using equation 

(14) and possible modification of coefficient CA; 

iv) determination of  the aggregation kernel elements: collision frequency (20) and 

(21)  after calculation of the collision efficiency coefficient (37); 

v) determination of the fragmentation conditions: verification of the instantaneity 

of particle bridging (equations (38) and (42)) and validation of the zero 

fragmentation kernel (equations (18) and (43)). 

The so calculated aggregation and fragmentation kernels should be then put in the 

population balance equation [55] from which the particle size distribution variation vs. 

time can be calculated. 

Lastly, from comparison with the available experimental results, model validation and 

identification of possible unknown parameters can be obtained. 
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NOTATION 

A Hamaker constant 

b slip length 

CA   dimensionless number (Eqn [33]) 

 

d depth penetration (Eqn (9)) 

Db Brownian diffusivity 

f1 friction coefficient 

f2 friction factor 

F force 

FD tensile force acting on a doublet in planar linear shear field 

FG force acting between two spheres linked by a gas bridge 

FSS hydrodynamic force between two spheres 

FG van der Waals force 

F1 capillary force 

F2 pressure force 

G, G0 interaction correction coefficient 

Gn Gibbs free enthalpy variation 

h particle separation 

hd dry length 

HM  inclusion radius  

i, j subscripts of granulometric classes 

I dimensionless integral 

J collision frequency 

L transversal width 

n mole number 

nb number of gas cavity per unit surface area 



 

 

28 

P function (defined in Eqn (5)) 

Pext ambient pressure 

PG gas phase pressure 

Psat saturation pressure 

P pressure deficiency 

r spherical coordinate 

rB bubble radius 

rB/W force ratio 

r1, r2 radii of curvature shown in Fig. 4 

R particle radius 

RC meniscus curvature radius 

R gas constant 

S surface area variation 

tP, tb characteristic time 

T temperature 

V interaction potential 

V’ dimensionless interaction potential 

VG volume of gas cavity 

V, v fluid velocity 

 

Greek letters 

 half-angle of a crevice 

ij, 12 collision efficiency coefficient 

2,1
h  collision efficiency coefficient (in case of non-wetting) 

 proportionality coefficient 

 interfacial tension 
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  gradient velocity 

 amplitude of the volume oscillations of the bubbles 

 turbulent energy dissipation rate 

P, ’ proportionality constants 

 contact angle 

    liquid dynamic viscosity 

 kinematic viscosity 

 dimensionless constant (Eqn (15)) 

 liquid density 

 mechanical strength of the aggregate 

 shear stress 

 oscillation phase difference 

 bubble oscillation pulsation 
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Figure 1: Different 3-phase configurations 
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Figure 2: Representation of the solid-liquid interface with gas cavities 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3: Geometrical position of two plane surfaces in interaction  
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Figure 4: Toroidal gas bridge between two flat interfaces 
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Figure 5: Variation of collision efficiency  versus CA for different values of 
b

R
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Figure 6: Aggregation of 0.5 m hydrophobic silica at 400 rpm: experimental and simulated 

turbidity curves 
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d (m) 0.001 0.003 0.01 0.03 0.1 0.3 1 

FB/Fw 1.56 x 10-4 2.6 x 10-3 0.1 3.2 140 4.7 x 103 2.7 x 105 
 

 

Table 1:  Maximum value of FB/Fw  for different  d values ; R=1 µm 

 

 

Energy dissipation rate  10-3 - 1 m2.s-3 

Kinematic viscosity  0,7 x 10-6 m2.s-1 

Density 7 x 103 kg.m-3 

Velocity gradient   18.9 - 598 s-1. 

Hamaker constant A 1.0 x 10-19 J 

Constant CA 3 x 10-4 -1.0 x 10-2 

 

Table 2: Numerical values of different physical characteristics of the aggregation problem 
 

 

 

b/R = 1 

(non-wetting) 

CA = 3 x 10-4   

CA = 1.0 x 10-2   

b/R = 0.1 

(non-wetting) 

CA = 3 x 10-4   0.50 

CA = 1.0 x 10-2   0.58 

b = 0 

(wetting) 

CA  = 3 x 10-4   0.15 

CA = 1.0 x 10-2   0.25 

 

 

Table 3: Collision efficiency  for wetting and non-wetting and different particle size (R = 5 

m) 
 


