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Zirconium alloys used as cladding tubes for the fuel of Pressurized Water Reactors can undergo high 

applied stress during power transients. In these conditions, biaxial loading may lead to plastic 

deformation of the cladding. A comprehensive understanding of the material mechanical response 

during loading-path change tests is an important step toward the prediction of the behavior in these 

specific conditions. 

Using a non-standard mechanical testing machine, loading-path change tests have been conducted at 

623 K on as-received recrystallized Zircaloy-4 tubes. These tests consist of an axial tensile loading and 

unloading followed by an internal pressure (or pure hoop tension) loading and unloading.  

These tests are able to examine the kinematic and isotropic hardening components of the strain 

hardening behavior of the thin cladding tubes. The isotropic hardening is attributed to dislocation 

multiplication and dislocation - dislocation interactions. The kinematic hardening is attributed to the 

interaction of the grains with each other.  

A polycrystalline model has also been used and improved in order to simulate the tests. A good 

prediction of the isotropic and kinematic hardening is provided by the modeling. 

 

 

Keywords: zirconium alloys, mechanical behavior, strain hardening, kinematic hardening, anisotropy, 

biaxiality 
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Introduction 

Zirconium alloy tubes are used in the nuclear industry as fuel cladding in pressurized water reactors. 

Since the cladding is the first confinement barrier against the dissemination of radioactive species, it 

is of prime importance to guaranty its mechanical integrity throughout its life time. During normal 

operating conditions, the cladding undergoes a creep down toward the pellet, due to the external 

pressure of the coolant, progressively reducing the gap between the cladding and the pellet. At the 

same time, the pellet swells. Eventually, the pellet and the cladding touch each other [1]. Once this 

contact occurs, the deformation of the cladding follows that of the pellet.  

Because of the increasing use of intermittent renewable electricity sources, utilities tend to maneuver 

nuclear reactors more frequently, which often requires relatively fast power variations [2]. However, 

during these power transients, the pellet, which expands rapidly due to gaseous swelling and thermal 

expansion, can apply significant stresses on the cladding [3]. These high stresses may lead to 

irreversible plastic deformation of the cladding. Furthermore, the stress state is biaxial, and the strain 

path can be complex depending on the linear power history. A good knowledge and prediction of the 

effect of loading path changes on the behavior of zirconium alloys is therefore required. 

In order to study the response of the material to changes in the loading path, non-standard tests have 

been proposed. These tests are not representative of a loading that may occur inside the reactor, 

where creep, stress relaxation and even irradiation creep occur. These tests aim to evaluate, on thin 

tubes, the various components of the strain hardening behavior, its anisotropy and more generally 

how the material reacts to significant changes of loading path, in relationship with the deformation 

mechanisms. 

The mechanical behavior of materials is often analyzed, and modeled [4, 5, 6, 7], using the concept of 

a yield surface. In this framework, the strain hardening is the result of the expansion of the yield 

surface, which is called “isotropic” hardening, and the translation of the yield surface, which is referred 

to as “kinematic” hardening. One common example of kinematic hardening is the Bauschinger effect 

during cyclic tension-compression tests, where a test conducted in tension can lead to a reduced yield 

stress in subsequent compression, when compared to the yield stress measured in compression 

without previous tension.  

In the case of zirconium alloys, it has been demonstrated by several authors, mainly by using tension-

compression tests on thick tubes or thick specimens, that the Bauschinger effect is strong, thus proving 

that the kinematic hardening is significant [8, 9, 10, 11, 12]. However, it is difficult to perform this type 

of test on thin tubes, which are susceptible to buckling in compression. Consequently, there are no 

reported experimental studies of how thin Zircaloy tubes react to significant change of loading path. 

As a consequence, the current study performs a new type of test on recrystallized Zy-4 thin tubes, in 

which the loading path is changed using a succession of steps of axial tension and hoop tension (or 
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internal pressure tests). This type of test is able to provide some new insights on the strain hardening 

behavior of thin tubes made of zirconium alloys. 

Furthermore, a polycrystalline model able to describe and predict the mechanical behavior of the 

material has been developed [13, 14]. This model treats the material as an aggregate of crystalline 

grains. It follows a more predictive modeling approach, compared to classical macroscopic models, by 

taking into account the crystallographic texture of the material, the interaction of the grains and the 

microscopic deformation mechanisms. 

The objective of this study is to identify the kinematic and isotropic strain hardening behavior of 

zirconium alloys using strain-path change experiments on thin tubes of recrystallized Zy-4. The 

experimental data are then compared to a polycrystalline model for the material behavior and are 

discussed in relation to the deformation mechanisms. 

 

Experimental details 

Materials studied 

The material studied is a recrystallized zirconium alloy referred to as Zircaloy-4 (Zy-4). This alloy is used 

in reactors, in the recrystallized metallurgical state, for the grids and the guide tubes of PWR fuel 

assemblies. However, for cladding tubes, this alloy is used in the stress-relieved metallurgical state. 

Nevertheless, M5TM alloy, which is in recrystallized state, tends to replace progressively the use of 

stress-relieved Zy-4 in the AREVA fuel assemblies. Recrystallized Zy-4 is therefore believed to be a good 

model alloy for recrystallized zirconium alloy, considering the mechanical behavior. Most of the 

conclusions of this paper can therefore be extended to other recrystallized zirconium alloys such as 

recrystallized Zy-2 and M5TM. 

This material exhibits equiaxed grains with a typical grain size of 6 µm. The crystallographic texture of 

this material is also typical of recrystallized zirconium alloys in the form of thin cold rolled tubes with 

the maximum density for the { }0002  poles in the hoop (noted TD on Figure 1) – radial plane with the 

maximum pole density tilted at 30° to the radial direction (Figure 1). 
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Figure 1: a) {0002} pole figure and b) { 0211 } pole figure of a recrystallized zirconium alloy thin tube. 

TD refers to the transverse or hoop direction and RD refers to the rolling or axial direction of the 

tube. 

 

Mechanical testing machine, sample geometry, and mechanical tests 

The testing machine [15] is able to apply simultaneously a tensile or compressive force on the tube 

and an internal pressure via pressurized oil. Thus, biaxial mechanical loading can be achieved where 

both an axial stress ( )zzσ  and a hoop stress ( )θθσ  can be applied simultaneously or successively on 

the same sample. For these tests, it is convenient to define a biaxiality ratio ( )α  as: θθσσα /zz= . In 

order to study the effect of a change in the loading path, we have performed successive loadings and 

unloadings with a given biaxiality ratio followed by a loading-unloading with another biaxiality ratio.  

The samples are tubes with a typical thickness of 0.57 mm and typical external diameter of 9.5 mm. 

The tubes are 90 mm long. The axial force is applied on the tube thanks to a conventional servo-

hydraulic testing device. The pressure in the tube is controlled by a hydraulic cylinder. The capacitive 

extensometers have been provided by Epsilon Company. They are able to operate up to 673 K. The 

axial extensometer has a gauge length of 50 mm. The hoop extensometer has a gauge length 

corresponding to the initial diameter of the tube (9.5 mm). Both extensometers are clipped to the 

sample and installed inside the furnace (Figure 2). Three thermocouples are also installed inside the 

furnace. The one in the middle of the tube is used for the temperature control. An appropriate grip 

system has been designed using welded conical end-caps in order to allow simultaneous internal 

pressure and tension- compression loads to be applied (Figure 2).  
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Figure 2: Axial and hoop capacitive extensometers clipped to the sample operating inside the 

furnace. 

 

When only an internal pressure (IP) is applied to the tube (no additional external axial force), because 

of the effect of the internal pressure on both ends of the tube, the stress is biaxial, the biaxiality ratio 

being equal to θθσσα /zz= =0.47 (see the Appendix). 

Because the machine can apply an external compressive axial force in addition to the internal pressure, 

it is possible to conduct mechanical tests with pure hoop stress (Hoop Tension, HT). Indeed, if the 

accurately controlled external axial compressive force balances exactly the axial tension force due to 

the internal pressure on the ends of the tube, then the axial stress in the wall of the tube is equal to 

zero ( 0=zzσ ) and the biaxiality ratio is θθσσα /zz= =0. 

The third studied loading direction is the simple axial tensile test (AT). In this case, the biaxiality ratio 

should be infinite, but because of a software constraint, a biaxiality ratio of θθσσα /zz= =100 has 

been adopted.  

The test referred to as AT-HT starts with a loading in the axial direction (AT) (with a biaxiality ratio of 

θθσσα /zz= =100), followed by an unloading, then followed by a loading in the pure hoop direction 

(HT) ( θθσσα /zz= =0), followed by an unloading. This sequence is repeated twice. In this case, a target 

total strain of 2% is imposed at each step in the axial direction for axial tensile tests and in the hoop 

direction for pure hoop loading and internal pressure tests. The test referred to as AT-IP starts with a 

loading in the axial direction (with a biaxiality ratio of =α 100), followed by an unloading, then 

followed by an internal pressure loading ( =α 0.47), followed by an unloading. This sequence is 
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repeated twice. The test referred to as HT-AT starts with a loading in the pure hoop direction ( =α 0), 

followed by an unloading, then followed by a loading in the axial direction ( =α 100), followed by an 

unloading. This sequence is repeated twice. The test referred to as IP-AT starts with an internal 

pressure loading ( =α 0.47), followed by an unloading, then followed by a loading in the axial direction 

( =α 100), followed by an unloading. This sequence is repeated twice. All the mechanical tests have 

been conducted at 623 K. The tests have been conducted with a constant strain rate of 3×10-4 s-1 in the 

hoop direction for the internal pressure and pure hoop tensile tests and with a constant strain rate of 

3×10-4 s-1 in the axial direction for the axial tensile tests. The details concerning the mechanical tests 

performed are listed in Table 1.  

The non-standard tests proposed in this work have some analogy with the tests conducted by McEwen 

et al. [8] for their study of the Bauschinger effect in Zircaloy-2 at room temperature. 

 

Table 1: Mechanical tests performed on recrystallized Zy-4. 

 AT-HT AT-IP HT-AT IP-AT 

Ste

p 

Biaxialit

y ratio 

Maximu

m total 

strain 

Biaxialit

y ratio 

Maximu

m total 

strain 

Biaxialit

y ratio 

Maximu

m  

total 

strain 

Biaxialit

y ratio 

Maximu

m total 

strain 

1 α=100 2% α=100 2% α=0 2% α=0.47 2% 

2 α=0 2% α=0.47 2% α=100 2% α=100 2% 

3 α=100 2% α=100 2% α=0 2% α=0.47 2% 

4 α=0 2% α=0.47 2% α=100 2% α=100 2% 

 

The formula used to analyze the mechanical tests have been partly given in [16, 17] and are detailed 

in the Appendix. This is referred to as the “quasi-biaxial” approach. In this framework, the hoop stress 

and axial stress are defined as 
rr

qb σσσ θθθθ −=  and 
rrzz

qb

zz σσσ −=  (see Appendix). The true stresses 

and strains are used in the analysis. 

The plastic strain tensor components are computed by subtracting the elastic deformation from the 

total deformation. Elastic deformation is calculated using Hooke’s law (equation 1) assuming isotropic 

elasticity with the Young’s modulus ( E ) and the Poisson’s ratio (ν ).  

( ) ( )[ ]I
E

ep σνσνεεεε tr1
1 −+−=−=    (1) 

The true stress is plotted as a function of the true plastic strain. Furthermore, in order to compare the 

tests with each other, the stress –plastic strain curves have been translated so that the beginning of 

each step of the test starts with zero plastic strain. This is referred to as the translated plastic strain. 

Moreover, in order to have a better understanding of the effect of the cumulated plastic strain on the 
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behavior of the material, an equivalent cumulated plastic strain has been computed. The equivalent 

cumulated plastic strain is generally defined using equation 2. 

 ==
t

pp
t

p

eq

p

eq dtdt
00

:
3

2 εεεε &&&    (2) 

In this work, it has been chosen to compute the equivalent cumulated plastic strain by assuming an 

isotropic behavior rather than computing the anisotropic experimental equivalent cumulated plastic 

strain. During each axial tensile test, the increment in equivalent plastic strain is thus given by equation 

3. For each internal pressure test, it is given by equation 4. The simplified expression given by equation 

5 is used for the pure hoop tensile tests. The equivalent cumulated plastic strain is then computed by 

adding the equivalent plastic strain increment for each step. This computation is done in exactly the 

same way to analyze the experiments and the numerical simulations. 

p

zz

p

eq εε ∆=∆    (3) 

pp

eq θθεε ∆=∆
3

2
   (4) 

pp

eq θθεε ∆=∆    (5)  

Furthermore, with this equivalent plastic strain computed for isotropic behavior, it is possible to 

evaluate the flow stress for different equivalent plastic strain offsets. The strain offsets chosen are: 

=∆ p

eqε 0.1%, 0.2%, and 1.0%.  

 

Experimental results 

Analysis of the strain path 

Figure 3 shows the evolution of the axial strain as a function of the hoop strain (the continuous lines) 

for the four tests conducted on recrystallized Zy-4. From these plots, the strain path ( θθεε && /zz ) can be 

evaluated for each test. From these values, the angle θ  (measured counterclockwise) between the x-

direction, of the hoop strain - axial strain plot, and the strain rate vector can be computed as 

( )θθεεθ && /arctan zz=  if θθε& >0 (for zzε& >0 or zzε& <0), ( )θθεεπθ && /arctan zz+=  if θθε& <0 and zzε& >0, 

( ) πεεθ θθ −= && /arctan zz
 if θθε& <0 and zzε& <0. For the eight axial tensile tests, the strain path ranges 

from -1.03 to -1.22 (angle θ  ranging from 129° to 134°). For the four pure hoop tensile tests, the strain 

path ranges from -0.76 to -0.80 (angle θ  ranging from -37° to -39°). For the four internal pressure 

tests, the strain path ranges from -0.33 to -0.38 (angle θ  ranging from -18° to -21°). When pure hoop 

tensile tests and axial tensile tests are conducted alternately, the strain paths are nearly opposite to 

each other, the angle between these two directions being close to 170°. On the other hand, when 
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internal pressure tests and axial tensile tests are conducted alternately, the angle between these two 

directions is close to 150°. 

 

As shown in figures 3b and 3d, during internal pressure steps, the axial strain decreases significantly. 

This illustrates the significant plastic anisotropy of the material since an isotropic behavior should lead 

to a zero axial strain rate.  

 

 
Figure 3: Strain path (axial strain vs. hoop strain) for the four tests performed on the non-irradiated 

recrystallized Zy-4. The experimental strain path is shown by the continuous lines. AT-HT and AT-IP 

tests are shown in blue lines. HT-AT and HT-IP tests are shown in red lines. The simulated strain path 

is shown by the black dotted lines. 

 

Evaluation of the elastic properties 

For the axial tensile tests, the Young’s modulus measured during the first step is equal to 80 GPa. For 

the internal pressure test performed as the first step (test IP-AT), the measured elastic slope is 103 

GPa. According to the formula given in Appendix, and assuming isotropic elasticity, the Poisson’s ratio 

is then equal to 0.34. 
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The Poisson’s ratio can also be evaluated from the strain path ( θθεε && /zz ) measured in the elastic 

domain. It is especially convenient in the case of the internal pressure test (first step of test IP-AT) 

where a reversal in the axial strain rate, starting positive in the elastic domain and becoming negative 

in the plastic domain, can be observed (Figure 3d). From this measurement, a Poisson’s ratio equals to 

0.39 is found. The Poisson’s ratio can also be evaluated for the axial tensile tests, for which values of 

0.45 and 0.48 are obtained. The discrepancies between these various results are due to the limited 

experimental accuracy but also to the anisotropic elastic behavior of zirconium alloys. 

From their experiments on Zy-4 containing 1000 ppm oxygen, Northwood et al. [18] found a Young’s 

modulus of 77 GPa at 350°C. A value of 78 GPa at 350°C is also obtained by Delobelle et al. [11] on 

recrystallized Zy-4, in good agreement with our experiments.  

At 315°C, Schwenk et al. [19] obtained a Poisson ratio of 0.41. This parameter does not seem to evolve 

much with temperature. For their modeling, Delobelle et al. [11] used a Poisson’s ratio of 0.4 at 350°C 

for recrystallized Zy-4. This value of 0.4 for the Poisson ratio seems rather high compared to other 

alloys but it is the results of the anisotropic elastic behavior of zirconium alloys as shown in [20]. In our 

analysis, we used a value of 80 GPa for the Young’s modulus and 0.4 for the Poisson’s ratio. 

 

Analysis of the kinematic and isotropic hardenings 

The effect of the kinematic hardening on the evolution of the yield surface is shown in Figure 4. It can 

be seen on this schematic that for a pure kinematic hardening behavior, if an axial tensile loading is 

conducted first, then the yield stress, measured when conducting a subsequent pure hoop tensile test, 

is reduced. The same should also be true when reversing the order of the two tests.  

 

 

Figure 4: Schematic showing the translation of the yield surface under axial tensile loading or 

under pure hoop tensile loading if only kinematic hardening is active. 
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Figure 5 shows a comparison between the first step and the second step conducted with pure hoop 

loading (HT), axial tensile loading (AT), and internal pressure loading (IP). On these plots, the stress 

(hoop or axial) is represented as a function of the translated plastic strain (hoop or axial). The first 

steps are shown as continuous lines and the second steps are shown as dotted lines. Tests starting 

with axial tests (AT-HT and AT-IP tests) are shown in blue lines whereas tests finishing by axial tests 

(HT-AT and IP-AT tests) are shown in red lines. These plots highlight the effects of the prior tests. Two 

main effects of the prior tests can be noted. First, it can be seen, when comparing step 2 of test AT-HT 

to step 1 of test HT-AT (Figure 5b), that the yield stress in pure hoop tension, has been reduced by the 

prior axial tensile test. This phenomenon is an indication of kinematic hardening, as explained by the 

schematic in Figure 4. This phenomenon is not as clearly observed when considering the internal 

pressure tests and the axial tensile tests. Furthermore, it is noticed that the flow stress reached after 

1.5% translated plastic strain is systematically higher for the second steps than for the first steps 

(Figure 5). This is due to the isotropic hardening that occurs when the cumulated equivalent plastic 

strain increases. It is also worth pointing out, when comparing Fig. 4a and Fig. 4c, that this isotropic 

strain hardening is stronger when the axial test is performed after an internal pressure test (IP-AT) 

than after a pure hoop tensile test (HT-AT).  

 



11 / 34 

 

 

Figure 5: Comparison between the first and second steps of a) axial tensile tests, b) pure hoop tensile 

tests, c) axial tensile tests and d) internal pressure tests. The stress is shown as a function of the 

translated plastic strain. The first steps are shown as continuous lines and the second steps are 

shown as dotted lines. The AT-HT and AT-IP tests are shown in blue lines and the HT-AT and IP-AT 

tests are shown in red lines. 

 

The effect of the cumulated plastic strain can be more clearly seen when plotting the stress (axial or 

hoop) as a function of the cumulated equivalent plastic strain for each test (Figures 6 and 7). It can be 

observed that the flow stress increases progressively as the cumulated equivalent plastic strain 

increases which is an indication of isotropic hardening.  

It should be mentioned that during pure hoop tensile tests, a small axial stress appears because it is 

the so-called “quasi-biaxial” axial stress (defined as 
rrzz

qb

zz σσσ −= ) that is plotted on the vertical axis. 

Indeed, for this test, the ratio between the axial and the hoop “quasi-biaxial” stresses is =qbqb

zz θθσσ /

0.064. 
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Figure 6: Stress (hoop or axial) as a function of the cumulated equivalent plastic strain for two tests 

conducted on recrystallized Zy-4 starting with axial test. The AT-HP test is shown on a) and b). The 

AT-IP test is shown on b) and c). The experimental results are shown as continuous blue lines. The 

results of the simulation are shown as a black dotted line. 
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Figure 7: Stress (hoop or axial) as a function of the cumulated equivalent plastic strain for the tests 

(HT-AT shown in (a) and (b)) and IP-AT (shown in (c) and (d)) conducted on recrystallized Zy-4 starting 

. The experimental results are shown as continuous red lines. The results of the simulation are shown 

as a black dotted line. 

 

In order to analyze in more detail the kinematic and isotropic hardening, the flow stress at several 

offset values for the equivalent plastic strain has been measured from the stress-strain curves. These 

values are reported as a function of the cumulated equivalent plastic strain in Figures 8.  
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Figure 8: Evolution, as a function of the cumulated equivalent plastic strain, of the flow stress (axial 

or hoop) measured for several equivalent plastic strain offsets for non-irradiated Zy-4. a) and c) show 

the flow stresses for the tests AT-HT and HT-AT measured in the axial (a) and hoop directions (c). b) 

and d) show the flow stresses for the tests AT-IP and IP-AT measured in the axial (b) and hoop 

directions (d). 

 

These plots show that the flow stress measured for a small plastic strain offset (0.1%) exhibits a 

significant decrease between the first and the second steps for the pure hoop tensile test (Figure 8c). 

As stated above, this is due to the kinematic hardening. The same seems to be true for the internal 

pressure test, but to a lesser extent (Figure 8d). This phenomenon is not observed for the axial tensile 

tests (Figure 8a and 8b). For higher plastic strain offsets, an increase in flow stress is always observed 

(Figure 8). This is due to the isotropic hardening. 

 

As pointed out by several authors [21, 22], the analysis of the unloading may also give some 

information concerning the magnitude of the kinematic hardening. Indeed, during the unloading, a 

phenomenon similar to the Bauschinger effect may be observed, in specific conditions. 
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Figure 9: Enlarged view of the unloading of AT-IP steps 1 (a) and 2 (b), over a strain range of 0.5%, at 

the same scale. 

 

For this analysis, it is necessary to define two new values: the kinematic stress tensor ( X ) which is 

associated to the translation of the yield surface and the isotropic stress ( R ), associated to the size of 

the yield surface. If the kinematic stress component in the considered loading direction exceeds the 

isotropic stress, plastic deformation can occur at the end of the unloading [21]. This phenomenon is 

evidenced by a non-linearity on the stress-strain curve during the unloading. This is best evidenced 

when the stress is plotted as a function of the plastic strain (or cumulated equivalent plastic strain). 

The Figure 7c and 7d showing the stress as a function of the cumulated equivalent plastic strain have 

been enlarged, on Figure 9a and 9b, over a strain range of 0.5% to show the unloading of the step 1 of 

the test AT-IP and the unloading of the step 2 of the test AT-IP, as an example. In Figure 9, a significant 

non-linearity of the unloading is observed, which proves that the kinematic stress component ( X ) is 

higher than the isotropic stress ( R ) in these loading directions. The quantitative evaluation of the 

kinematic and isotropic stress by this method remains tricky since the non-linearity is progressive. 

Furthermore, experimental artifacts may also arise at the end of the unloading that could also induce 

a non-linearity on the stress-plastic strain curve. As a consequence this type of analysis should be 

considered with care. 
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Analysis of the anisotropic yield surface 

From the three loading directions studied in this work, the anisotropy of the yield surface can be 

evaluated. As a first approximation, it is assumed that the yield surface follows a Hill’s criterion [23, 

24]. With this assumption, the Hill’s equivalent stress can be written as equation 6, within the quasi-

biaxial approach detailed in the Appendix. 

( ) ( )( ) ( )2

3

2

1

2

1 1 qbqb

zz

qb

zz

qbeq

H HHH θθθθ σσσσσ +−+−=  (6) 

With this definition, the Hill’s equivalent stress during axial tensile test is equal to the axial stress 

( 
qb

zz

eq

H σσ = ). During internal pressure test the Hill’s equivalent stress is equal to 

4/13 += Hqbeq

H θθσσ  and during pure hoop tensile test it is equal to )21(13 ησσ θθ −+≈ HHqbeq

H

, considering a second order approximation in η  ( 064.0=η ). The flow stresses measured for an 

equivalent plastic strain offset equal to 0.1% during the first steps of each of the four tests has been 

used to compute the 1H  and 3H  coefficients of the Hill’s criterion. From the flow stress measured 

during internal pressure loading (189 MPa for the test IP-AT) and the two values obtained during axial 

tensile tests (119 MPa for the test AT-HT and 116 MPa for the test AT-IP), the values estimated for the 

coefficient 3H  are equal to 0.15 and 0.13 respectively. From the flow stress measured during the pure 

hoop tensile test (143 MPa for the test HT-AT), two values, 0.61 and 0.63, can also be deduced for the 

coefficient 1H .  

 

Discussion of the results 

The reason for the decrease of the flow stress when comparing hoop tensile tests conducted during 

the first step of test HT-AT and the second step of test AT-HT (Figure 5b and Figure 8c) is due to the 

kinematic hardening. Indeed, the prior axial tensile test induces a translation of the yield surface that 

decreases the yield stress of the subsequent pure hoop tensile test or internal pressure test. This 

phenomenon is analogous to the Bauschinger effect (as explained in Figure 4). The fact that this 

phenomenon is more prevalent for pure hoop tension than for internal pressure is related to the angle 

between the two strain rate vectors in the hoop strain – axial strain plane. For alternating axial tensile 

and pure hoop tension, the angle between the two strain rate directions is 170°, whereas for 

alternating axial tensile and internal pressure, it is only 150°. As a consequence, the yield surface is 

translated in two nearly opposite directions for axial tension and pure hoop tension, whereas this is 

not the case for internal pressure and axial tension. The effect of the yield surface translation is 

therefore lower. It is worth pointing out that this phenomenon is not observed during axial tensile 

tests, although kinematic hardening must also occur in this loading direction.  
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The Bauschinger effect was clearly observed by McEwen et al. [8] on recrystallized Zy-2 thick samples 

taken out of a rolled slab after prior compression and then tested at room temperature along the 

transverse or rolling direction. These authors have shown that a pre-straining in compression along 

the longitudinal direction leads to a reduction in yield stress in the transverse direction. This is in good 

agreement with our results where a pre-tension along the longitudinal direction leads to a reduction 

in yield stress in the hoop (transverse) direction (Figure 8c). Surprisingly, these authors did not show 

any reduction in yield stress when the pre-straining is done in compression along the transverse 

direction followed by a tension in the longitudinal direction. This result is also in agreement with our 

own findings (Figure 8a) where no reduction in yield stress is observed when the pre-straining is 

conducted in tension along the transverse direction then followed by a tension along the hoop 

(transverse) direction. These authors also tested a thick specimen taken out of a recrystallized Zy-2 

swaged rod at room temperature in tension-compression tests. A very large Bauschinger effect was 

clearly evident as seen from the hysteresis loops. Delobelle et al. [11] also clearly observed a strong 

Bauschinger effect at 623 K during tension-compression tests along the axial direction or during 

tension-torsion tests on thicker tubes (1.2 mm thick) made of recrystallized Zy-4.  

In the case of thin cladding tubes, it is difficult to prove the existence of a strong Bauschinger effect 

although, based on previous literature results, this effect must be present. The new results given here 

tend to prove the existence of a significant Bauschinger effect in the case of thin cladding tubes made 

of recrystallized zirconium alloys. 

The progressive increase in the flow stress measured for higher plastic strain offsets (Figure 8), when 

the amount of pre-straining increases (cumulated equivalent plastic strain), is due to the isotropic 

hardening, which corresponds to a progressive expansion of the yield surface. This isotropic hardening 

was also observed by McEwen et al. [8]. It should be noticed that this hardening remains limited, as 

shown on figures 8a and 8c. Indeed, as the equivalent cumulated plastic strain increases up to 8%, the 

flow stress increases only slightly. This suggests that the isotropic hardening remains low compared to 

the kinematic hardening. The cyclic tests conducted at 623 K by Wisner et al. [10] on as-received Zy-2 

also show a rather low cyclic hardening. This confirms that the isotropic hardening remains limited for 

recrystallized zirconium alloys. 

 

At the microscopic scale, the isotropic hardening (expansion of yield surface) is usually attributed to 

the multiplication of dislocations during the plastic deformation and their mutual interactions. During 

dislocation interactions, junctions are created and act as pinning points. These dislocations, often 

referred to as forest dislocations, play the role of dispersed obstacles against dislocation glide. Because 

these obstacles are homogeneously distributed and create a stress field of relatively short range [21, 

30], their effect is not “polarized”. In other words, a dislocation gliding in one direction experiences 
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the same “resistance” due to forest dislocations as it would if it were gliding in the opposite direction 

[21]. This explains why the forest dislocations induce a so called “isotropic” hardening. 

In the case of pure zirconium the increase in yield stress has been clearly correlated to the increase in 

dislocation density an early study [25] reviewed by Douglass [26]. The increase in yield stress due to 

the increase of dislocation density also partly explains the higher strength of cold worked stress 

relieved Zy-4 compared to recrystallized Zy-4 [11]. However, it has been discussed by Monnet et al. 

[27], using dislocation dynamics simulations, that the forest hardening should remain limited for 

Zircaloy-4. Indeed, when the mobility of screw dislocations gliding in prismatic planes is smaller than 

that of edge dislocations in HCP metals, which is believed to be the case for Zircaloy-4, the formation 

of junctions between intersecting screw dislocations is difficult and therefore the forest hardening is 

low. This could explain why only a small amount of isotropic hardening was measured in our 

experiments.  

 

The Bauschinger effect, the most illustrative case of kinematic hardening, corresponds to a 

“polarization” of internal stresses when comparing tension and compression. This phenomenon can 

have various origins at the microscopic scale, depending on the material and its microstructure. For 

instance, it is reported in the literature that dislocation pile-ups or dislocations by-passing precipitates 

can induce a Bauschinger effect. However, these effects are not observed for recrystallized zirconium 

alloys. Only homogeneous dislocation glide in the various crystallographic slip planes is usually 

observed during low strain monotonic tensile testing. The strong Bauschinger effect observed in 

zirconium alloys must therefore have another origin. It is known, as reviewed in [28], that the easy 

glide slip system in zirconium is the prismatic slip system with the glide direction along an <a> direction. 

The only deformation modes that can accommodate the plastic deformation along the <c> direction 

are <c+a> pyramidal slip and twinning. These two deformation modes are difficult to activate in thin 

industrial products. Twinning is usually not observed for cladding tubes tested at 623 K, and only <c+a> 

slip occurs in grains not well orientated for <a> slip. These grains are referred to as the “hard” grains, 

the “soft” grains being the grains well orientated for <a> slip and especially prismatic slip. In a 

polycrystal, the neighboring grains interact with each other. The deformation of each grain is therefore 

affected by its neighbors. The soft grains, which are well orientated for <a> slip, tend to deform 

plastically, but the hard grains, which are not well orientated for <a> slip, remain elastic and therefore 

impede the deformation of the soft grains. This leads to a “composite” effect between the “hard” 

grains and the “soft” grains, which induces strain incompatibilities between grains leading to 

intergranular internal stresses or back stresses, as described or discussed in [8, 9, 12, 21, 28, 29, 30]. 

When unloading and compression occur, a Bauschinger effect appears. This is the main origin of the 

kinematic hardening observed in zirconium alloys. 
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Polycrystalline Modeling 

The polycrystalline model used and improved here has been described elsewhere [13, 14]. The 

principle of this type of model is to consider the material not as homogeneous but as a heterogeneous 

medium in the form of a polycrystalline aggregate, the objective being to deduce the effective 

properties of the polycrystal from knowledge of the behavior of the individual grains [29]. In this 

model, the crystallographic texture of the material is explicitly taken into account. The microscopic 

deformation mechanisms are modeled by intra-granular constitutive laws. The model computes how 

the grains interact between each other, thereby enabling the calculation of the overall behavior of the 

polycrystal. The inter-granular kinematic hardening and the effect of the texture are therefore 

outcomes of the model. 

The polycrystalline model is based on the so-called mean field approach. In this framework, the 

detailed spatial organization of the grains is not taken into account. All the grains with the same 

crystallographic orientation are considered as the same crystallographic phase ( )g  characterized by 

its three Euler’s angles ( )21 ,, ϕφϕ  and its volume fraction ( )
gf . Then each crystallographic phase of the 

polycrystal is successively regarded as an inclusion within a “matrix” made of all the crystallographic 

phases (homogeneous equivalent medium) subjected to homogeneous boundary conditions. Since the 

resulting response of a crystallographic phase depends on its interaction with the homogeneous 

equivalent medium and since the behavior of the homogeneous equivalent medium is the average 

response over all the crystallographic phases, a self-consistent problem must be solved. In the case of 

linear elasticity, an exact solution of this problem has been derived based on the resolution of the 

Eshelby’s problem [31]. In the case of non-linear behavior, several approaches have been proposed by 

various authors [32, 33]. In the case of polycrystals with isotropic texture (assuming isotropic elasticity 

with Young’s modulus E , Poisson’s ratio ν , and shear modulus ( )νµ 22/ += E ) and with 

crystallographic phases that can be considered as spheres within the matrix, Berveiller and Zaoui [34] 

have proposed a so-called ‘‘secant linearization” of the self-consistent problem. These authors have 

shown that, in these conditions and under radial monotonic loading, the local stress (
g

σ ) in the 

crystallographic phase (g) and the macroscopic stress (Σ) are related by a simple explicit expression, 

referred to as the concentration rule, given by equation 7.  

( )( ) ),(12
pp

g

p

g
EE Σ−−+Σ= αεβµσ  (7) 

Where β  is a parameter equal to ( )[ ] ( )[ ]ννβ −−= 115/542  and the function ),(
p

EΣα  is defined 

by equation 8. 



20 / 34 

 

( )Σ
+≈

Σ 22

3
1

),(

1

J

E

E

p

p
µ

α
 (8) 

The notation ( )Σ2J and 
p

E  are defined as ( ) ΣΣ=Σ :
2

3
2J  and 

ppp
EEE :

3

2= , where 
p

E  

is the macroscopic plastic strain tensor and Σ  the macroscopic stress tensor. 

As pointed out in [35] the model proposed by Berveiller and Zaoui [34] is only suitable for monotonic 

loading applied to isotropic polycrystals. It does not allow the simulation of changes of loading path 

for textured polycrystals. In order to keep the advantage of a concentration rule that can be expressed 

explicitly and in order to extend the field of applications of this type of model, Cailletaud [36] and Pilvin 

[37, 38, 39] have postulated an explicit concentration rule (equation 9).  

( )  12 




 −−+Σ=

gg
B ββµσ   with  

p

g

p

gg

p

gg
D εεδβεβ &&& 





 −−=   and     (9) 

The new second rank tensor internal variable 
g

β  is a local internal variable that evolves non-linearly 

with the local plastic strain (
p

g
ε ) of the crystallographic phase, according to Eq. (9). The tensor 

formulation is able to give a suitable description of cyclic tests. This polycrystalline model, referred to 

here as the Cailletaud–Pilvin (C–P) model, is not itself a self-consistent model from the homogenization 

theory point of view. It has therefore been proposed to adjust the two parameters, D  and δ , which 

govern the evolution of the internal variable 
g

β , on the local response of the model developed by 

Berveiller and Zaoui [34], referred to as the B-Z model. More precisely, ten different crystallographic 

orientations (Fig. 11) are chosen within the list of 240 orientations, using an isotropic texture. A 

monotonic tensile test (conducted in the hoop direction) is simulated. For the ten different 

orientations chosen, the stress and strain are computed during the simulation for both the B–Z and 

the C–P models. Using a mean square minimization procedure, the two parameters, D  and δ , are 

adjusted, and the difference between the stress and strain computed by the B–Z and the C–P models 

for the ten orientations is minimized. Since the B–Z model is a self-consistent model based on the 

‘‘secant approximation”, the Cailletaud–Pilvin (C–P) model is therefore very close, both at the micro 

and at the macroscopic scale, to the self-consistent ‘‘secant” response. Then, thanks to this 

adjustment, cyclic tests can be computed. Furthermore, the authors have also proposed to extrapolate 

the C–P model to non-isotropic textures, which is the case of zirconium alloys. However, since the B–

Z model is restricted to elasto-plastic behavior, they decided to use quasi-elastoplastic constitutive 

laws, with very low strain rate sensitivity.  


∈

=
Gg

g
gfB β 
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The computation occurs in several steps. First, from knowledge of the loading (six components of 

either stress or strain tensors) and of the current macroscopic plastic strain (
p

E ), the macroscopic 

stress tensor Σ  is deduced from the generalized Hooke’s law (Eq. 10). 

( )p

Gg
gg EEIIσfΣ −







 ⊗

−
+==

∈ ν
νµ
21

2 I   (10) 

Then, from the concentration rule (equation 9) and knowledge of the current value of the internal 

variable 
g

β  and its average over the whole polycrystal ( B ), the local stress (  
g

σ ) in each 

crystallographic phase is deduced. At the grain scale, the resolved shear stress is computed for each 

slip system, according to equation 11. 

( )ssssgs nmmn ⊗+⊗= :
2

1 στ  (11) 

In equation 11, sn is the normal of the considered slip system and sm  is the glide direction of the 

considered slip system. 

Then, from knowledge of the constitutive law expressed at the slip system scale ( ( ),...ss f τγ =& ), the 

shear strain rate for each slip system is deduced. Eventually, the plastic strain rate tensor is computed 

for the crystallographic phase according to equation 12. 

( )
∈

⊗+⊗=
Ss

sssss

p

g
nmmnγε &&

2

1
 (12) 

Finally, when this calculation has been done for every crystallographic phase ( )g , the overall 

macroscopic plastic strain rate can be computed with Eq. (13). 

 
∈

=
Gg

p

gg

p
fE ε&&   (13) 

A time integration algorithm is then used to compute the new values of all internal variables and all 

plastic shear strains at the next time step. 

 

Deformation modes 

Four types of slip systems are taken into account in the model: 

- the three prismatic slip systems with <a> Burgers vector ( P ), 

- the three basal slip systems with <a> Burgers vector ( B ), 

- the six first order pyramidal slip systems with <a> Burgers vector ( ), 

- the twelve first order pyramidal slip systems with <c+a> Burgers vector ( cΠ ). 

 

 

aΠ
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Crystallographic orientations set used for the simulation 

The crystallographic texture (figure 1) of the material is represented by a set of 240 crystallographic 

orientations (figure 10). It has been verified that the results are only slightly affected by introducing an 

extensively refined orientations set (less than 3% decrease in hoop flow stress in the case of internal 

pressure loading). 

 

 

Figure 10: Discretized a) { }0002  and b) { }0211  pole figures representative of the texture of the 

material. 
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Figure 11: a) Discretized { }0002  pole figure of the isotropic crystallographic orientation set used for 

the adjustment of the P-C model on the B-Z model. b) { }0002  pole figure for the ten orientations 

used to perform the adjustment during a tensile test conducted in the hoop direction. Four of the 

ten orientations are numbered. The stress – plastic strain curves of these four orientations are shown 

below. 

 

Constitutive behavior equations for the non-irradiated recrystallized zirconium alloy 

The flow law chosen for the non-irradiated recrystallized zirconium alloy is a Norton-like flow law [35, 

36], with a threshold stress ( ) (equation 14).  

( )s

n
c

ss

s
K

τ
ττ

γ sign
−

=& , with xx =  if 0≥x , 0=x  if 0<x     (14) 

The function ( )xsign  can be defined as ( ) xxx /sign =  and gives the sign of x . The parameters, n  

and K , chosen for this flow law ( =K 5 MPa and =n 10) are such that the model exhibits a very low 

strain rate sensitivity. With these coefficients, an increase in the applied strain rate from 10-6 s-1 to 10-

4 s-1 induces an increase in the flow stress of less than 1 MPa at 0.2% plastic strain. This ensures that 

the chosen model is quasi elasto-plastic, which is a condition needed to apply the B-Z model. These 

parameters are kept fixed in the following. 

 

The threshold stress, or critical resolved shear stress, is expressed as a simple Taylor expression for the 

strain hardening (equation 15). 

totsd

c

s

c

s b ρµαττ += 0    with  =
s

stot ρρ    (15) 

c

sτ
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The Burgers vector length is equal to     >∈<∀= asabs  for the slip systems with <a> Burgers vector 

and is equal to  csabs Π∈∀=    88.1  for slip systems with <c+a> Burgers vector. 

The dislocation density evolution for all slip systems is modeled using equation 16. 








 −= s

s

ss y
bdt

d ρ
λ

γρ
2

1&
 with ( ) s  0 0 ∀= ρρ s   (16) 

This model has only seven coefficients that must be adjusted on the experimental behavior of the 

material: four initial critical resolved shear stresses (
0000

,,,
c

c

c

B

c

a

c

P ππ ττττ ), two parameters for the 

evolution of the dislocation densities ( λ , y ), and one parameter for the effective strength of the 

dislocation – dislocation interaction ( dα ). The elastic properties are based on the experimental 

analysis. They are chosen as =E 80 GPa for the Young’s modulus, and =ν 0.4 for the Poisson’s ratio 

and are kept fixed. The initial dislocation density is considered to be equal for every slip system and is 

assumed to be =0ρ 9.6×1010 m-2. Since there are 24 possible slip systems in this model, the total initial 

dislocation density is equal to =)0(totρ 2.3×1012 m-2 which is a reasonable value for recrystallized 

zirconium alloys. Two other parameters, D  and δ , must also be adjusted simultaneously on the 

response obtained, using the isotropic texture, with the B-Z model. 

 

Simulation procedure for the strain path change tests and fitting of the parameters 

The mechanical tests have been simulated using the Sidolo software, which was developed by Pilvin 

[40] and is described in [41]. The quasi-biaxial approach has been adopted for the simulation of the 

tests. Within this framework, a biaxial stress tensor is used, as explained in the Appendix. 

The tests are computed with constant axial strain rate for axial tensile tests or with constant hoop 

strain rate for internal pressure tests or pure hoop tensile tests, in agreement with the experiments. 

For internal pressure tests, the axial stress must be equal to half of the hoop stress. But the hoop stress 

is initially unknown since it is the outcome of the simulation. Therefore, an iterative procedure has 

been adopted where the tests are simulated several times before converging to the required biaxiality 

ratio. Furthermore, a specific procedure ensures that each step starts and ends with zero stress, as for 

the experiment, and that each step smoothly follows its predecessor.  

The evaluation of the agreement between simulation and experiment has been done mainly by 

comparing the flow stress values for each step as a function of the isotropic equivalent cumulated 

plastic strain. 

Starting from the previous parameters obtained with simplified constitutive laws [13], the strain 

hardening parameters and the critical resolved shear stresses have been adjusted for the behavior of 

the non-irradiated material. Initially, only the first monotonic steps of each test are computed, 
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compared with the experiment and used for the refinement. The coefficients D  and δ , are also 

adjusted simultaneously. Then some parameters are only slightly modified to obtain the correct strain 

hardening along the full cyclic test. The values obtained for each parameter are given in Table 2. 

 

Table 2: Parameters and values obtained after refinement for the non-irradiated material. 

Parameter (unit) Value for non-irradiated 

material 

E  (MPa)* 80000 

ν  (-)* 0.4 

n  (-)* 10 

K  ( n1/MPa.s )* 5 

D  (-) 370 

δ  (-) 0.266 

0

Pτ  (MPa) 33 

0

aπτ  (MPa) 45 

0

Bτ  (MPa) 62 

0

cπτ  (MPa) 102 

dα  (-) 0.1 

λ  (µm) 0.1 

y  (nm) 9 

)0(sρ  (m-2)* 9.6×1010 

 

The values obtained for the critical resolved shear stresses (
0

Pτ =33 MPa, 
0

aπτ =45 MPa, 
0

Bτ =62 MPa, 
0

cπτ

=102 MPa) are in good agreement with the values adopted by Brenner for the initial critical resolved 

shear stresses for a Zr-1%Nb-O (alloy A) recrystallized zirconium alloys tested at 673 K. The forest 

hardening coefficient fitted on the experimental results (
dα =0.1) is slightly lower than the coefficient 

given by Douglass [26] (
dα =0.28) for crystal bar zirconium. This could be attributed to the lower ability 

to form junctions in Zy-4 than in crystal bar, as discussed in [26]. The mean free path for dislocation 

glide should be of the order of half the mean distance between dislocations, which is 0.33 µm in correct 

agreement with the value of 0.1 µm obtained from the fitting. The annihilation distance adopted of 9 

nm is in agreement with values measured for stainless steels [21] on the order of 10 nm. 

 

Results of the simulations and discussion 

The results of the simulation of the behavior of recrystallized Zy-4 are shown as black dotted lines in 

figures 3, 6 and 7.  

The simulated flow stress, as a function of the cumulated equivalent plastic strain, for the four tests is 

compared with the experiment in figures 6 and 7. It can be seen that a fair overall agreement is 
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obtained between the experiment and the modeling. When considering the first steps, a good 

agreement is obtained when comparing the yield stress simulated and measured for 0.1% equivalent 

plastic strain. The simulated yield stress for axial tension, hoop tension test and internal pressure are 

respectively 104 MPa, 140 MPa and 186 MPa which has to be compared with 117.5 MPa (mean value), 

143 MPa and 189 MPa. A very good agreement is also obtained for the flow stress during pure hoop 

tension. For the internal pressure tests, the predicted flow stress is only 9 MPa below the experimental 

value (3% error). For the axial tensile tests, the predicted flow stress is about 15 MPa lower than the 

experimental value (7% error).  

The subsequent steps are also predicted well, the kinematic and isotropic hardening being well 

reproduced by the model. The remaining discrepancies may be partly attributed to more complex 

interactions between slip systems than the simple Taylor hardening law chosen. 

It can also be seen in figure 12 that there is a good agreement between the simulations conducted 

with the B-Z model and the C-P model, using an isotropic texture, thus ensuring that the C-P model is 

close to a self-consistent model.  

 

In order to validate the model, a tension-compression test performed by Delobelle et al. [11] in the 

axial direction on recrystallized Zy-4 has been simulated and compared with the experiment in Figure 

13. A good agreement with the experiment can be noticed, thereby confirming the prediction of the 

kinematic and isotropic hardening of recrystallized zirconium alloys. 

 

However, it can be seen in Figure 3 that the prediction of the strain path is only correct in the case of 

pure hoop tension (the first step of test HT-AT or the second step of test AT-HT). All the other strain 

paths are not correctly predicted. This is probably due to a bad prediction of the slip system activities. 

Indeed, for pure hoop tensile tests, the slip system activities at the end of the loading (2% total hoop 

strain) are equal to 28% for prismatic slip, 9% for pyramidal <c+a> slip, 24% for basal slip, and 39% for 

pyramidal <a> slip. In this case, the pyramidal <a> slip seems to be overestimated and the prismatic 

slip underestimated, since it is known that the prismatic slip is the easy slip system. For internal 

pressure tests, the prismatic slip activity is only 5%, the pyramidal <c+a> slip is 30%, the basal slip 

activity is 48%, and the pyramidal <a> slip is 17%. Here, again, the secondary slip system activities are 

clearly overestimated compared to the activity of the prismatic slip. This problem was already pointed 

out in a previous work [13]. Concerning axial tensile tests, the prismatic slip activity is 60%, the 

pyramidal <c+a> is 3%, the basal activity is 5%, and the pyramidal <a> is 32%. These last slip system 

activities seem to be correct. Further improvements are needed to obtain a better agreement both on 

the macroscopic response but also on the slip system activities. These numerical improvements must 
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be done jointly with a thorough experimental analysis of slip system activity using TEM observations 

or other experimental techniques. 

 

 

Figure 12 : Comparison between the stress – plastic strain curves simulated by the C-P model and 

the B-Z model for four specific crystallographic orientations. 

 

Figure 13 : Simulation of a tension-compression test performed in the axial direction on a 

recrystallized Zy-4 sample at 623 K by Delobelle et al. [11]. The simulation is shown in continuous 

red line and the experimental points are shown as the filled blue dots.  

 

Conclusions and outlook 

Strain path change tests have been conducted at 623 K on thin tube samples made of recrystallized Zy-

4. The tests exhibit evidence of kinematic hardening as well as isotropic hardening. The isotropic 
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hardening is attributed to the dislocation multiplication and the dislocation –dislocation interactions. 

The kinematic hardening is attributed to the interaction of the grains with each other.  

A polycrystalline model has been used and improved in order to simulate the tests. After refinement, 

a fair agreement is obtained between the macroscopic simulated and experimental behaviors. In 

particular, the isotropic and kinematic hardenings are well predicted by the model. However, the strain 

paths are not well predicted, which is probably due to a poor prediction of the slip system activities.  

Further improvements must be made. On the numerical side, a better prediction of the slip system 

activities and strain paths are needed. On the experimental side, accurate quantifications of slip system 

activities are required. 

The effect of neutron irradiation on the response of the material to change of loading path must also 

be studied. This would bring a new insight in the strain hardening behavior of neutron irradiated 

zirconium alloys that will eventually enable the development of predictive models for the in reactor 

deformation.  
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Appendix : Analysis of the mechanical tests 

It can be shown that when the external pressure is negligible compared to the inner pressure, the 

mean stress tensor in the thickness of the tube is expressed as equation A-1. In equation A-1, P  is the 

internal pressure, F  the external applied force, er  is the external radius of the tube, ir  the internal 

radius of the tube and e the thickness of the tube ( ).  
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By defining the geometrical parameter η  as mDe /=η , the stress tensor can be expressed as 

equation A-2. mD  is the mean diameter defined as eDDDD eeim −=+= 2/)( , iD  is the inner 

diameter and eD  the external diameter.  
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For the thin cladding tube considered here ( %4.6064.0)57.05.9/(57.0/ ==−== mDeη ) the 

second order approximation in η  gives a very good evaluation of the mean stress tensor in the wall of 

the tube (equation A-3).  
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On the other hand the first order approximation, which corresponds to the thin wall formula, gives a 

poor approximation for the stress tensor (equation A-4). 
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It is worth pointing out that the deviatoric stress (defined as ( )Is σσ tr
3

1−= ) computed with the first 

order approximation is equal to the deviatoric stress computed with the second order approximation. 

This is an important point since the plastic deformation, which occurs with constant volume is only 

sensitive to the deviatoric part of the stress tensor.  

The Hill’s equivalent stress can be written in the general case as equation A-5. 

( ) ( ) ( ) 2

6

2

5

2

4

2

3

2

2

2

1 222 zrzrrrrrzzzz

eq

H HHHHHH θθθθθθ σσσσσσσσσσ +++−+−+−=  (A-5) 

err ie +=
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Equation A-5 reduces to equation A-6, considering that the non-diagonal terms of the stress tensor are 

equal to zero. 

( ) ( ) ( )2

3

2

2

2

1 θθθθ σσσσσσσ −+−+−= rrrrzzzz

eq

H HHH  (A-6)  

In equation A-5, the reference direction is often taken as the axial direction, which leads 121 =+ HH

, so that for axial tensile test the Hill’s equivalent stress is equal to the axial stress. From equation A-6 

it can be seen that when the stress components are replaced either by the first order approximation 

or the second order approximation stress tensor components, the Hill’s equivalent stress are equal. 

It can be seen, from equation A-3, that the stress state in the wall of the tube has in fact three 

components. However, the component along the radial direction remains small compared to the two 

others. It is therefore convenient, in order to remain consistent with the thin wall approximation, to 

analyze this mechanical test by defining a “quasi-biaxial” (with superscript “qb”) hoop stress (
qb

θθσ ) and 

a “quasi-biaxial” axial stress (
qb

zzσ ) as (equation A-7) : 

e

PDm
rr

qb

2
=−= σσσ θθθθ  and 

m

m
rrzz

qb

zz
De

F

e

PD

π
σσσ +=−=

4
  (A-7) 

In this approach the mechanical test is analyzed as a quasi-biaxial test where the plane P ( )zzσσθθ ,  

used when analyzing a biaxial test in the stress space is replaced by a plane P’ only slightly tilted in the 

stress space with a normal vector [ ]0 , ,1 ηη−=n . Within this framework the stress state of an internal 

pressure test performed without external force ( 0=F ) follows a line in the plane P’ along the vector 

[ ]ηηη −−−= 2/1 ,1 ,u , with 2/1/ =qbqb

zz θθσσ . In that case, the actual biaxiality ratio is 

( ) ( )ηησσα θθ −−== 1/2/1/zz =0.47. The axial test performed with a biaxiality ratio of 

θθσσα /zz= =100 follows a line along the vector ( )[ ]ηηη −×−−= 1100 ,1 ,u , with 

( ) ηαησσ θθ +−= 1/
qbqb

zz =93.7. The pure hoop tensile test performed with the biaxiality ratio of 

0/ == θθσσα zz  follows a line along the vector [ ]0 ,1 , ηη −−=u , with ησσ θθ =qbqb

zz / =0.064. In this 

work, the mechanical tests are analyzed in the plane P’ by plotting 
qb

θθσ  and 
qb

zzσ . This is referred to 

as the “quasi-biaxial” approach. It can be noted that the quasi-biaxial hoop stress ( rr

qb σσσ θθθθ −= ) 

corresponds to the Tresca equivalent stress. 

Concerning the numerical simulation described in this article, the quasi-biaxial approach can also be 

used by applying a biaxial stress tensor with the biaxiality ratio 
qbqb

zz θθσσ / . Indeed, the deviatoric stress 

in this “quasi-biaxial” approach is equal to the deviatoric stress using the triaxial stress tensor. In that 
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case the computed hoop and axial stress can be directly compared to the experimental values of 
qb

θθσ  

and 
qb

zzσ .  

The engineering axial strain (with superscript “eng”) is computed according to the formula given in 

equation A-8.  

0L

Leng

zz

∆=ε   (A-8) 

Concerning the hoop strain, since it is not homogeneous through the thickness of the tube, it is 

necessary to compute the mean hoop strain. However, only the evolution of the external diameter is 

measured during the test. A good evaluation of the mean hoop strain is obtained by dividing the 

evolution of the external diameter by the initial mean diameter (equation A-9). 

( ) ( ) ( ) ( )0000 eD

D

D

D

D

D

ext

ext

m

ext

m

meng

−
∆=∆≈∆=θθε   (A-9) 

The quantities given above are engineering stress and strain. In order to compute the true stress (with 

superscript “true”) it is necessary to take into account the evolution of the gauge length and the 

evolution of the thickness and mean diameter throughout the test. The true axial and hoop strains are 

computed according to equation A-10. 

( )eng

zz

true

zz εε +≈ 1ln   et  ( )engtrue

θθθθ εε +≈ 1ln  (A-10) 

The axial and hoop true stresses are therefore computed (written within the “quasi-biaxial” approach) 

according to equation A-11 and A-12. 

( ) ( ) ( )eng

zzqb

eng

zz

true

rr

true

zzqb

true

zz εσσσσ +=−= 1   (A-11) 

( ) ( )
( ) ( ) 01

1
exp

exp Kengqb

true

rr

true
engtrue

rr

true

qb

true ++==−= θθθθ
θθ

θθθθθθ εσ
ε
εσσσσ  with 

truetrue

rrK θθεε /0 −=    (A-12) 

In this work the experimental results are plotted using true stress and strain, in the framework of the 

quasi-biaxial approach, assuming a value of =0K 0 for a simplified analysis (equation A-13) (a value of 

=0K 1 corresponds to an isotropic behavior). 

( ) ( )engqbtrue

rr

true

qb

true

θθθθθθθθ εσσσσ +≈−= 1  (A-13) 

From these biaxial tests, the elastic properties of the material can also be evaluated. For axial tensile 

tests the elastic slope corresponds to the Young’s modulus ( E ) and the Poisson’s ratio can be 

measured as zzεεν θθ && /−=  in the elastic domain. For internal pressure tests, using the exact stress 

tensor given in equation A-1, it can be shown that hoop and radial stress gradient within the tube wall 

have an exact analytical solution. The elastic behavior can therefore be deduced exactly with the elastic 

strain measured on the external diameter of the tube. It can be shown that the hoop stress is related 
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to the hoop strain defined above by the apparent elastic modulus ( ) during internal pressure test 

(equation A-14).  

( )( )2/11 νη −−
= E

Eapp    (A-14) 

This result is slightly different from the computation of the elastic slope from the quasi-biaxial 

approach, using the mean strain and stress in the thickness of the tube. The correct formula to use is 

equation A-14. 

In the case of internal pressure test, a good approximation of the Poisson’s ratio is given by equation 

A-15. 

( ) )/2/(/21 θθθθ εεεεν &&&&
zzzz −−=   (A-15)  

  

appE
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