Sandra Geara 
  
Sylvain Martin 
email: sylvain.martin@emse.fr
  
S Adami 
  
J Allenou 
  
B Stepnik 
  
Olivier Bonnefoy 
  
SPH 3D simulation of jet break-up driven by external vibrations

come    

Introduction

The liquid jet break-up is involved in industrial atomization where the control of the droplet size is a key point. The jet break-up is the result of instabilities that grow along the liquid ligament. These instabilities are due to the competing forces, particularly surface tension and viscous forces. Lord Rayleigh was the first to propose a theoretical model for the capillary instability leading to the jet fragmentation in 1878 [START_REF] Rayleigh | On the instability of jets[END_REF]. Later, Weber [START_REF] Weber | Zum zerfall eines flüssigkeitsstrahles[END_REF] included the effect of viscosity on the jet break-up and reported a linear approximation for the Rayleigh model.

One possible way to control the fragmentation process is by applying external and artificial vibrations along the liquid jet or film. Experimental studies of the jet break-up [START_REF] Yuen | Non-linear capillary instability of a liquid jet[END_REF][START_REF] Rutland | Theoretical prediction of the sizes of drops formed in the breakup of capillary jets[END_REF][START_REF] Ashgriz | Temporal analysis of capillary jet breakup[END_REF][START_REF] Heinzen | Use of vibration technology for jet break-up for encapsulation of cells, microbes and liquids in monodisperse microcapsules[END_REF][START_REF] González | The measurement of growth rates in capillary jets[END_REF][START_REF] Lehua | Dominant Factors of Metal Jet Breakup in Micro Droplet Deposition Manufacturing Technique[END_REF][START_REF] Driessen | Control of jet breakup by a superposition of two Rayleigh-Plateau-unstable modes[END_REF] have shown that the breakup of a jet subjected to a harmonic disturbance imposed by a magnetic, acoustic or mechanical force behaves according to the Rayleigh Plateau instability analysis.

More recently, with the development of computer technology, numerical sim-ulations of liquid jet disintegration have been performed. Richards et al. [START_REF] Richards | Dynamic breakup of liquid-liquid jets[END_REF] used the Volume Of Fluid (VOF) method to study the effect of the Reynolds number on the jet break-up length and droplet size. Pan et al. [START_REF] Pan | A numerical study on the breakup process of laminar liquid jets into a gas[END_REF] used the Level Set Method (LSM) to simulate the break-up of laminar liquid jets into still air. Using the VOF method, Deltei et al. [START_REF] Delteil | Numerical investigations in Rayleigh breakup of round liquid jets with VOF methods[END_REF] simulated the growth-rate dispersion relation predicted by the Rayleigh theory. Yang et al. [START_REF] Yang | Simulation of liquid jet atomization coupled with forced perturbation[END_REF] also used the VOF method to study the effect of forced perturbation on jet break-up for low speed and high speed regimes. Lately, Shen et al. [START_REF] Shen | Dripping, Jetting and Regime Transition of Droplet Formation in a Buoyancy-Assisted Microfluidic Device[END_REF] simulated the transition between different break-up regimes and compared the numerical data with experimental visualisations. Saito et al. [START_REF] Saito | Lattice Boltzmann modeling and simulation of liquid jet breakup[END_REF] used the Lattice Boltzmann Method (LBM) to study the jet break-up problem. Menard et al. [START_REF] Ménard | Coupling level set/VOF/ghost fluid methods: Validation and application to 3D simulation of the primary break-up of a liquid jet[END_REF] combined LSM, VOF and Ghost Fluid Method (GFM) for the simulation of jet break-up in 3D. All previously presented methods are mesh based method that use specific interface tracking techniques and grid reconstruction process. Therefore, highly-resolved grids are required for capturing the interface accurately, which subsequently increases the calculation cost. On this basis, mesh-free numerical methods seem to be an interesting alternative for simulating jet break-up, namely Smoothed Particle Hydrodynamics (SPH) [START_REF] Takashima | Simulation of liquid jet breakup process by three-dimensional incompressible SPH method[END_REF][START_REF] Sirotkin | A new particle method for simulating breakup of liquid jets[END_REF][START_REF] Farrokhpanah | Application of Multiphase Particle Methods in Atomization and Breakup Regimes of Liquid Jets[END_REF][START_REF] Yang | A multi-phase SPH model based on Riemann solvers for simulation of jet breakup[END_REF].

The Smoothed Particle Hydrodynamics (SPH) is a mesh-free Lagrangian numerical method that was first introduced independently in 1977 by Lucy [START_REF] Lucy | A numerical approach to the testing of the fission hypothesis[END_REF] and Gingold and Monaghan [START_REF] Gingold | Smoothed particle hydrodynamics: theory and application to non-spherical stars[END_REF] to solve astrophysical problems. Since 1977, the SPH method has been significantly developed and improved to model a wide range of problems, especially in fluid dynamics. This method models a continu- The SPH method has been proven to be well designed to study accurately the jet fragmentation phenomenon. However, this approach suffers from its high computational cost. Indeed, the previous studies which simulated both gaseous and liquid phases were limited to 2D simulations [START_REF] Yang | A multi-phase SPH model based on Riemann solvers for simulation of jet breakup[END_REF][START_REF] Pourabdian | Multiphase simulation of liquid jet breakup using smoothed particle hydrodynamics[END_REF][START_REF] Farrokhpanah | Application of Multiphase Particle Methods in Atomization and Breakup Regimes of Liquid Jets[END_REF]. The method proposed by Sirotkin [START_REF] Sirotkin | A new particle method for simulating breakup of liquid jets[END_REF] allows the stabilisation of single phase free surface simulation (i.e. without simulating the gaseous phase) which decrease dramatically the computational cost. This leads to very good results in 3D, although still limited to very low Webber and Reynolds numbers (W e ≈ 1 and Re ≈ 1

ous
). In this context, the new density calculation method proposed by the authors in a previous study [START_REF] Geara | A new SPH density formulation for 3D free-surface flows[END_REF] has the potential to extend parameter range closer to industrial applications, (i.e. higher Webber and Reynolds numbers, respectively equal to 63 and 825 for the reference case). It should be noticed that similar We and Re numbers have already been reached by [START_REF] Takashima | Simulation of liquid jet breakup process by three-dimensional incompressible SPH method[END_REF] by using an incompressible SPH method. In this article, the standard SPH approach is fully explicit and thus much simpler and scalable in a HPC framework. This method is used to study the effect of vibrations on particle size for different vibrational frequencies around Rayleigh's frequency.

Materials and Methods

Fluid dynamics equations

In the Lagrangian description, the Navier-Stokes equations for the conservation of mass and momentum are expressed as follows:

dρ dt = - 1 ρ ∇ • ⃗ v (1) 
and

d⃗ v dt = ⃗ g + 1 ρ [-∇P + F ν + F s ] (2) 
where d⃗ v dt is the particulate derivative. In weakly compressible SPH, the pressure is related to the density by means of an Equation-Of-State (EOS):

P = ρ 0 c 2 s γ ρ ρ 0 γ -1 (3) 
The exponent γ is usually taken equal to 7 for water. The artificial speed of sound c s is estimated based on a scale analysis of the Navier-Stokes equation presented by Morris et al. [START_REF] Morris | Modeling Low Reynolds Number Incompressible Flows Using SPH[END_REF] to limit the admissible density variations..

Rayleigh-Plateau instability

The break-up of a liquid jet occurs as a result of the uncompensated surface tension force. To better understand this instability, we consider that the jet is subjected to microscopic disturbances that are superimposed. Some of these disturbances tend to decay, while other will grow in time with different growth rates. The behavior of these disturbances over time is a function of its wave number. The disturbance will eventually be dominated by the mode having the maximal growth-rate leading to the disintegration of the jet into droplets.

The linear stability analysis shows that, for low Ohnesorge number, the droplet diameter and the wavelength of maximum growth rate are independent of the material properties. They only depend on the jet diameter and its velocity [START_REF] Rayleigh | On the instability of jets[END_REF].

The frequency of the droplets production is obtained by:

f = v j λ (4) 
where v j is the jet velocity and λ is the disturbance wavelength. Assuming that one droplet per wavelength will be produced, the droplet diameter can be obtained by a mass balance:

λ π 4 D 2 j = π 6 D 3 d =⇒ D 3 d = 3 2 λD 2 j ( 5 
)
where D j stands for the initial jet diameter and D d the diameter of the droplets.

The optimal wavelength that leads to the largest growth rate can be obtained from the dispersion relation proposed by Weber [START_REF] Weber | Zum zerfall eines flüssigkeitsstrahles[END_REF]:

w(k ′ ) = σ ρR 3 j (k ′ R j ) 2 -(k ′ R j ) 4 2 + 9Oh 2 (k ′ R j ) 4 4 - 3Oh(k ′ R j ) 2 2 ( 6 
)
where k ′ = 2π λ denotes the wave numbers. Thus, the wave-number corresponding to the most unstable perturbation is obtained by:

k ′ max R j = 1 √ 2 1 + 3Oh √ 2 -1 2 
Using Equation 4, the Rayleigh frequency, for low Oh number is expressed as: f Ra = 0.2219 vj Dj . Considering this mechanisms, it is possible to control the droplet formation by imposing a controlled disturbance, for example introducing an additional sinusoidal force. In such applications, the size of the droplets can be chosen in a certain range depending on the applied frequency. Sakai et al. [START_REF] Sakai | Studies on disintegration of liquid column between production of uniform size droplets by vibration method[END_REF] showed that the optimal conditions for obtaining a uniform droplet size distribution depend on the velocity of the jet and the applied frequency of the vibrations. There exists a cut-off frequency beyond which the effect of the vibrations will no longer dominate the fragmentation process. To avoid this situation, the disturbance wavelength must be larger than the circumference of the jet. In other words, there can be no significant effect of the vibrations if the frequency is higher than

f c = vj πDj .

Numerical model 2.3.1. SPH equations

The basic idea behind SPH is to discretize a continuous domain with a set of particles, each one with its own mass and other physical properties that can evolve with time. Interpolation using kernel functions is at the head of the SPH method. In this context, the value of any field function f at a position r can be computed with the kernel function W via:

f (⃗ r) ≈ N j m j ρ j f (⃗ r j )W (|⃗ r -⃗ r j |, h), (7) 
where m j and r j are the mass and position of particle j, respectively. W represents the weighting kernel function with the smoothing length h.

Various SPH formulations can be obtained depending on the assumptions and purpose of the simulation [START_REF] Monaghan | Smoothed particle hydrodynamics[END_REF]. In our study, we used the formulation proposed by Adami et al. [START_REF] Adami | A new surface-tension formulation for multi-phase SPH using a reproducing divergence approximation[END_REF]. The momentum equation is written as:

d⃗ v i dt = 1 m i j -(V 2 i + V 2 j ) pij ⃗ ∇W ij + 2ν i ν j ν i + ν j ⃗ v ij r ij ∂W ij ∂r ij + ⃗ F (s) i m i (8) 
where V and ν are the particle volume and dynamic viscosity, respectively.

⃗ v ij = ⃗ v i -⃗ v j
is the relative velocity between particles i and j and

r ij = |⃗ r i -⃗ r j |
is the distance between the two particles. ⃗ F (s) i denotes the surface tension force applied on particle i, and pij = ρipj +ρj pi ρi+ρj is the averaged pressure between particle i and j.

The Continuum Surface Force (CSF) approach is used to model the surface tension force ( ⃗ F (s)

i ). This approach was initially proposed by Brackbill [START_REF] Brackbill | A continuum method for modeling surface tension[END_REF] and then extended by Morris et al. [START_REF] Morris | Simulating surface tension with smoothed particle hydrodynamics[END_REF]. The surface tension force is expressed as a volumetric force applied only to particles close to the interface:

⃗ F (s) = -σk⃗ nδ s ( 9 
)
where σ is the surface tension.

Here, δ s is the surface-delta function used to smooth the surface tension force over a band of particles near the free surface, ⃗ n is the normal vector and k is the curvature. When dealing with free-surface flows, the standard SPH approximations suffer from the lack of full support for particles near the free surface. In consequence, additional corrections should be applied to accurately estimate the normal direction and the curvature of the interface. In this work, the correction matrix for the kernel gradient [START_REF] Bonet | Variational and momentum preservation aspects of Smooth Particle Hydrodynamic formulations[END_REF] is used for the calculation of the local normal vector, and the curvature is estimated following Sirotkin et al. [START_REF] Sirotkin | A new particle method for simulating breakup of liquid jets[END_REF]. The equations are as follow.

The color function for the particle i is:

c i = j m j ρ j c 0 j W ij
where c 0 j is equal to 1. for the liquid particles. Then, one can define the correction matrix such as:

Li = j V j W ij ⊗ ⃗ r ij
This leads to the following expression for the corrected kernel gradient:

⃗ ∇ Wij = L -1 i ⃗ ∇W ij
Finally, one can express the normal vector and δ function:

⃗ n i = j V j ( 1 c i + 1 c j ) ⃗ ∇ Wij δ i = Λ||⃗ n i ||
where Λ is a constant parameter which was chosen equal to 5. in 3D. Then, the curvature k is calculated following:

k i = j V j (⃗ n j -⃗ n i ) ⃗ ∇ Wij
The full details for the surface tension force calculation are given in [START_REF] Geara | A new SPH density formulation for 3D free-surface flows[END_REF].

SPH density calculation

The calculation of the density close to the free surface is very challenging for SPH simulations with a single phase, due to the lack of full support domain. In this work, an improved method developed by the authors and published previously [START_REF] Geara | A new SPH density formulation for 3D free-surface flows[END_REF] is used. It was found that this method is able to improve the stability of SPH simulations with strong topological changes like in atomization. The density of a free surface particle i is corrected with a geometric factor that takes into account the curvature of the free surface and the distance between particle i and the surface, as described in [START_REF] Geara | A new SPH density formulation for 3D free-surface flows[END_REF]. Therefore, the density is calculated as follows:

ρ i = C i m i j W ij (10) 
where C i is expressed in 3D by:

C i = 1 1 - V empty W (r)dV V SD W (r)dV (11) 
Then, using the cubic spike kernel allows one to find an analytical solution to the integrals. This kernel has been chosen for its capability to prevent insta-bility against compression which is the main source of numerical instability in the simulation of single phase jet break-up [START_REF] Sirotkin | A new particle method for simulating breakup of liquid jets[END_REF]. Hence, the previous equation becomes:

C i = ( d h -3) 5 (-4( d h ) 2 + 3δ + 28 d h 1 kh + 42 1 kh + 27) 20412( d h -1 kh ) (12) 
V SD and V empty are the volume of the support domain of particle i and the empty volume represented by the missing particles at the free surface (i.e. within the gaseous phase), respectively. d represents the distance between particle i and the nearest surface particle, and k is the curvature of the surface at that location.

Continuous inlet flows

For present work, we chose to adopt the buffer zone approach for a continuous inlet flow, similarly to [START_REF] Lastiwka | Permeable and non-reflecting boundary conditions in SPH[END_REF][START_REF] Federico | Simulating 2D open-channel flows through an SPH model[END_REF]. The domain is divided into two parts: the buffer zone containing inflow particles and fluid particles. In the buffer zone, taken as wide as the kernel radius, the particles are forced to move along the pre-defined streamlines. All particles on a specific streamline have the same velocity, chosen in order to have a given velocity profile (linear, parabolic). Once an inflow particle leaves the buffer zone, it becomes a fluid particle and a new inflow particle is created at the entrance of the inflow zone. The new fluid particle will then move freely according to the SPH equations. The sketch explaining the treatment of the inflow boundary conditions and the creation of new fluid particles is presented in Figure 1.

At the outlet, open boundary conditions are imposed: after the atomization, the fragmented particles will travel for a short distance in the domain and then leave it. 

Time integration

The time integration scheme used in this work is the kick-drift-kick scheme, also known as the velocity Verlet algorithm used by Monaghan [START_REF] Monaghan | Smoothed particle hydrodynamics[END_REF]. It starts with the prediction of the intermediate velocity:

⃗ v (t+ 1 2 ∆t) = ⃗ v (t) + 1 2 ∆t ⃗ a (t) . (13) 
Then, the position is updated by:

⃗ r (t+∆t) = ⃗ r (t) + ∆t ⃗ v (t+ 1 2 ∆t) . (14) 
The new density and forces are calculated at this new position, the acceleration is deduced from Newton's second law of motion (see section 2.3.1). Finally, the velocity is updated by:

⃗ v (t+∆t) = ⃗ v (t+ 1 2 ∆t) + 1 2 ∆t ⃗ a (t+∆t) . ( 15 
)
For stability reasons, the time step ∆t should be limited. It must respect the following condition [START_REF] Morris | Simulating surface tension with smoothed particle hydrodynamics[END_REF]: ∆t ≤ min{0.25 

a v (t) = A 0 (2πF ) 2 sin(2πF t) (16) 
where A 0 and F are the amplitude and frequency of the vibrations, respectively.

This acceleration is applied in the flow direction to all the SPH particles located into the cylindrical reservoir (see subsection 2.4), excepted the one which are in the buffer zone.

Simulation set-up

The simulations have been performed for a water jet in the Rayleigh breakup regime. Water is issued from a vertical capillary with an internal diameter R j = 150µm. The boundary condition used in the simulation is the generalized static wall proposed by [START_REF] Adami | A generalized wall boundary condition for smoothed particle hydrodynamics[END_REF] which requires that the wall be made of three layers of fixed solid particles, as shown in Figure 2.

The major issue with this representation of the wall is the very approximate shape of a cylinder coming from the Cartesian grid on which solid particles are placed. This point is discussed further in the results section. It should be noticed that alternatives exist in the literature to generate initial packing that follows the curvature at the boundaries (see [START_REF] Colagrossi | Particle packing algorithm for sph schemes[END_REF] for example). However, this kind of algorithm was not implemented yet in the code so it was decided to stick to the Cartesian grid version.

An initial velocity profile is imposed on liquid particles as follows:

v z (r) = v max 1 - r 2 R 2 j ( 17 
)
where v max and R j are the maximum output velocity and the orifice radius, respectively. The simulation set-up is presented in Figure 2. Three dimension-less parameters (two independent) are generally used to described the system: Finally, a convergence study in space have been led to justify the choice of ∆x, which was chosen equal to 10 -5 m. The choice of the spacial step is indeed critical since the spacial convergence of SPH can be guaranteed only if both ∆x and h tends towards 0 while the number of neighboring particles increase towards the infinite [START_REF] Arai | Comparison of surface tension generation methods in smoothed particle hydrodynamics for dynamic systems[END_REF]. The later implies that the ratio R c /∆x should be increased while decreasing ∆x which is very complicated to do for obvious CPU time reasons. More details are given in Appendix B.

Re =

Results and discussion

All the simulations presented in this paper have been run with a homemade code developed by S. Adami and based on the OpenFPM library [START_REF] Incardona | Openfpm: A scalable open framework for particle and particle-mesh codes on parallel computers[END_REF]. Figure 3 represents snapshots of the jet break-up for different vibration frequencies as a function of time. As expected, the introduction of the external vibrations allows to control the breakup process. For the shown frequencies, we observe that the number of satellite particles tends to slightly decrease when increasing the vibration frequency. The break-up at the Rayleigh's frequency presents the most regular pattern results. 

Particle size

For a quantitative comparison, the average diameter of the main droplets obtained by the SPH simulations is compared to theoretical prediction given by Equation 5. It should be noticed that this equation does not consider the volume of satellites. However, the later represents a very small fraction of the total droplets volume. The detailed number of droplets and satellites obtained in each simulation is given in Appendix A. The cumulative volume of satellites represents between 0.5% and 5% of the total volume, which finally leads to an error on the theoretical diameter ≤ 2%.

The results are presented in Table 2 and Figure 4.

The SPH results agree very well with the theoretical droplet diameter: for the range of frequencies studied here, the mean droplet diameter tends to decrease with increasing frequency. Furthermore, the size of the satellite droplets also tends to decrease with the increase of the frequency. Figure 3 shows that the generation of main droplets is sometimes accompanied by the formation of satellite droplets. This behavior was also reported in the literature (see for example [START_REF] Yang | Simulation of liquid jet atomization coupled with forced perturbation[END_REF][START_REF] Yang | A multi-phase SPH model based on Riemann solvers for simulation of jet breakup[END_REF]). This might be explained by the experimental study conducted by Vassallo and Ashgriz [START_REF]Satellite formation and merging in liquid jet breakup[END_REF] for liquid jet breakup. They distinguished three break-up processes: rear merge satellites, forward merge satellites and no satellites. In the first two processes the jet breaks into a main droplet and a satellite droplet which later merges with the main droplet.

Break-up time

In this study, the SPH simulations show that some satellite droplets merge with the main droplets on their trajectory. As shown in Figure 6, the satellite droplet merges with the main droplet within approximately two wavelengths. This means that more satellite droplets could vanish during their trajectory. 

Break-up distance

The dimensionless break-up distance L j /D j is another parameter that can be used to evaluate the quality of the simulation results. For laminar flows, the break-up distance (1) increases linearly with respect to velocity, (2) reaches a maximum and (3) decreases. Then, when the flow becomes turbulent, it increases again [START_REF] Grant | Newtonian jet stability[END_REF]. Different correlations can be found in the literature to calculate L j /D j . Most of them concern the first regime (i.e. the linear increase of L/D). The analytical expression of L j /D j , derived from Rayleigh theory, leads to:

L/D = C o W e 0.5 (1 + 3Oh) ( 18 
)
where C o is a constant which was found to be ≈ 13 [START_REF]Handbook of Atomization and Sprays[END_REF]. Then, for low Oh numbers, L j /D j is not a function of Oh anymore and Equation 18 becomes: 

L j /D j = C o W e 0.5 (19) 

Dependency to We number

Dependency to Oh number

Figure 8 shows the values of ln(L j /D j ) with respect to ln(1+3.0h). According to the theory, two different regimes can be obtained, with a constant value for low Oh numbers (Equation 19) and a linear variation with a slope equal to 1. otherwise (Equation 18).

First of all, it can be observed that the behavior is the same for all the values of W e which is in good agreement with the theory. Then, it appears that the two lower values of Oh seems to be in the constant regime while the others are in the linear regimes with respect to ln(1 + 30h). In order to confirm the linear behavior, two extra simulations have been carried out for W e = 25.5

and W e = 208 in the supposed linear region which finally leads to four points to fit a straight lines for this two values of W e (red and grey dashed lines on Figure 8).The fitting are quite good and the slope of the line was found to be equal to 0.86 for W e = 25.5 and 0.96 for W e = 208 while Equation 18 predicts a value 1. which is a quite good result. ) [START_REF]Handbook of Atomization and Sprays[END_REF]. In our simulations, the initial jet is composed of a cubic packing of SPH particles. Thus, one can assume that the main initial perturbation comes from the approximation of a circle by a cubic packing. A cross section view of the jet is given in Figure 9. Starting from this point, one can estimate that the maximum amplitude of the perturbation is about half of the spacing distance between SPH particles on each side of the jet, which leads to C o ≈ 2.6. It should be noticed that this value is much lower to the one proposed in the literature (C o = 13) due to our very rough approximation of a circle. The comparison between the theoretical dimensionless break-up distance and the SPH results is given in Figure 10.

The SPH results are closed to the theoretical predictions, even if they don't We can then conclude that our model gives a consistent representation of break-up distance for each of the driving parameter, Oh, W e and the initial perturbation amplitude.. Finally, the break-up distance can also vary with the vibration frequency.

Figure 11 presents the time history of the liquid column length L j /D j for the different frequencies. It can be seen that the liquid column length varies periodically with a period equal to that of the imposed vibrations. This shows that the break-up process is driven by the external mechanical solicitations. This is consistent with the numerical and experimental results published by Takashima et al. [START_REF] Takashima | Simulation of liquid jet breakup process by three-dimensional incompressible SPH method[END_REF]. This result was also confirmed recently by the study of Yang [START_REF] Yang | A multi-phase SPH model based on Riemann solvers for simulation of jet breakup[END_REF] who showed that the period of pinch-of-length variation is equal to the vibration period when the inlet velocity variation is large enough. 

Capability of the method, comparison with previous study

The jet breakup problem is fully defined by two dimensionless parameters, W e and Oh. Sometimes, Re is also used, which is a combination of the two others (Re = √ W e Oh ). The Oh represents the competition between the viscosity and the surface tension. In numerical simulations, viscosity allows the damping of numerical instabilities. In SPH simulations, the later comes from the rough estimation of the curvature, which induces local nonphysical surface tension force. Thus, dealing with low Oh number is very challenging. This effect is even more significant for simulations in which the gaseous phase is not simulated since there is half less particles close to the surface to estimate the curvature. This is the reason why the previous paper from Sirotkin [START_REF] Sirotkin | A new particle method for simulating breakup of liquid jets[END_REF] presented 3D results with a single Oh number chosen such as Oh = 0.9. Physically, this would corresponds to a liquid with the density of water but a viscosity ten times higher.

In the current study, the aim was to get closer to the properties of realistic The only 3D study able to deal with high W e and small Oh is the one proposed by [START_REF] Takashima | Simulation of liquid jet breakup process by three-dimensional incompressible SPH method[END_REF]. The authors use an incompressible SPH method which is slightly different from classical SPH method. Indeed, the incompressibility is ensured by an extra internal loop in which the particles are moved slightly until the density variation at each particle's position is lower than 1%. Unfortunately, since this article is a conference paper, very few details are given on the results. Still, the results are very encouraging and their method seems to be the best alternative to simulate low viscous jets. It should be noticed that the good capability of incompressible SPH approach to simulate low viscosity free surface flow is quite logical since the biggest challenge in such simulation is to prevent the instability against compression. Conversely, in this paper we show that our density calculation method with a spike kernel is able to stabilize the simulations with the standard compressible SPH method. At the end, our kinematics conditions are quite similar and we use approximately the same number of SP H particle in the diameter of the jet(≈ 15). Moreover, our method should be faster than the incompressible method since the later requires an extra loop within each time step to maintain the incompressibility of the flow.

Conclusion

In this paper, we presented the numerical simulation of the vibration-controlled jet breakup. Our improved free surface single phase SPH method was shown to be able to represent accurately the different parameters of jet break-up with and without vibrations in a range of We and Re higher than previous single phase free surface SPH models. We demonstrated that our SPH approach recovers even quantitatively the important characteristic of the jet breakup: the dependency of breaking length to Weber and Ohnesorge numbers and also the influence of the vibration frequency. It can be conclude that this simple method is well adapted for the simulation of atomization of liquid within a gaseous phase. algorithm. Moreover, in a distributed memory parallel framework for HCP simulations, such as the one used in our code [START_REF] Incardona | Openfpm: A scalable open framework for particle and particle-mesh codes on parallel computers[END_REF] this requires an increase of the ghost area for each thread and thus decreases the scalability of the simulation.

In this context, we tested different ∆x keeping the cutting length such as R c = 3∆x = 3h to keep the constant the number of neighbors. The full list of parameters used in the simulations is given in Appendix A.

First of all, the breaking length L j /D j was compared with the theoretical value. The main point with the breaking length is its dependency to the initial perturbation with determines the value of C 0 (see subsection 3.3). As explained in this section, one of the main limit of our code comes from the cubic initial packing which does not allow a perfect representation of the cylindrical initial jet.

The initial perturbation ζ o was estimated, for the different simulations to be ≈ ∆x The theoretical value for L j /D j was then obtained with respect to Equation 18. The comparison between these theoretical values and the SPH results for the different ∆x is given in B.12.

The graph shows that the theoretical values given by Equation 18predict the good tendency but it does not allow to conclude about the convergence.

The only outcome from that figure is the confirmation that decreasing ∆x leads 
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  fluid by discretizing it with a series of fluid particles. The continuous nature of the fluid and its properties are recovered by the spatial convolution of the physical properties of the particles by a smoothing kernel function. Sirotkin et al.[18] used a corrected single phase SPH method to study viscous jet break-up and the transition from dripping to jetting for varying Weber numbers. Takashima et al. [17] also used SPH for 3D simulation of water break-up. Pourabdian et al. [23] used the open-source SPHysics code to investigate the relation between the break-up length and the jet properties by changing Reynold and Weber numbers. Their results agreed well with corresponding experimental data. Farrokhpanah et al. [19] used the multi-phase SPH method to study the jet break-up phenomena and the transition between jetting and dripping regimes. More recently, Yang et al. [20] used a multiphase SPH model based on Riemann solvers to investigate low-speed 2D jet break-up.
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 1 Figure 1: Sketch of the process of particle creation. Buffer particles are represented in blue and fluid particles in red. New particles created in buffer zone are identified with a black circle and buffer particles entering the fluid zone with a red circle.

  One possible way to control the fragmentation process of a liquid jet breakup is to apply external vibrations by means of a sinusoidal acceleration in the form:
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 2 Figure 2: Water jet break-up simulation.
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 3 Figure 3: Snapshots of the jet fragmentation for different frequencies and times (∆t = 0.2 ms).
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 4 Figure 4: Theoretical and SPH data for the variation of the mean and satellite droplet diameter as a function of the applied frequency.

Figure 5 Figure 5 :

 55 Figure5shows the break-up time of the first droplet as a function of the perturbation frequency. Starting from low perturbation frequencies, the break-up time decreases and then tends to increase after reaching a minimum value for the optimum frequency predicted by Rayleigh's theory. In fact, the break-up time is directly influenced by the growth rate of the disturbance considering that the jet breaks when the disturbance amplitude is equal to the jet radius. The largest growth rate (i.e. shorter break-up time) is obtained for frequencies around the Rayleigh frequency, therefore the break-up time is shortest for f /f Ra ≃ 1. For f ̸ = f Ra , the growth rate decreases resulting in an increase in the break-up time.

Figure 6 :

 6 Figure 6: Satellite and main droplet merging.

Figure 7 :

 7 Figure 7: Determination of the dependency of ln(L/D) with respect to the ln(We) for different Oh numbers. SPH points (markers) and linear fit (dash lines)

Figure 7

 7 Figure7shows the value of ln(L j /D j ) as a function of ln(W e). Following Equation 18 and Equation 19, the plot should be linear with a slope equal to 0.5.First of all, the linear fits are very good for the 4 values of Oh. Then, the slope of the fitted straight lines are respectively 0.48, 0.53, 0.51 and 0.55 for Oh = 0.0096, 0h = 0.096, Oh = 0.22 and 0h = 0.48. The relative error remains below 10% which is good.
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 8 Figure 8: Determination of the dependency of ln(L/D) with respect to the ln(1 + 3Oh) for different W e numbers.

Figure 9 :

 9 Figure 9: Cross section view the jet

22

 22 

Figure 10 :

 10 Figure 10: Break-up length with respect to We number for different Oh numbers (Oh= 0.0096, Oh=0.096 and Oh=0.48), respectively labelled as series (1), (2) ans[START_REF] Yuen | Non-linear capillary instability of a liquid jet[END_REF]. Comparison between SPH simulations and theoretical results given by Equation18with Co = 2.6

Figure 11 :

 11 Figure 11: Variation of liquid column length as a function of time for the tested frequencies

  fluids. Hence, we took W e = 63 and Oh = 0.0096 for the vibration study which corresponds to a jet of water with a diameter D = 150µm. and a range of parameters W e = [8; 208], Oh = [0.0096; 0.48] for the L/D study without vibrations. Table 3 shows the comparison of We and Oh values used in the different studies since the one of Sirotkin.

Figure B. 12 :Figure B. 13 :

 1213 Figure B.12: Evolution of the jet break-up distance with respect to spatial resolution. The marker for the chosen resolution (∆x = 1 10 -5 m) is in red

Table 1 :

 1 Simulation parameters.

	Parameter	Value
	Fluid	Water
	Jet diameter (D j )	150 µm
	Jet mean velocity (v ref )	5.5 m/s
	Density (ρ)	1000 kg/m 3
	Dynamic viscosity (ν)	0.001 N.s/m 2
	Surface tension (σ)	0.072 N/m
	Gravitational acceleration (g)	9.81 m/s 2
	Vibration's frequency (f )	7-11 kHz
	Reynolds number (Re)	825
	Ohnesorge number (Oh)	0.0096
	Weber number (W e)	63

Table 2 :

 2 Theoretical and SPH mean droplet diameter as a function of the applied frequency.

	f (kHz)	0	7	8	8.4	9	11
	f /f Ra		0	0.83 0.95	1	1.07 1.3
	D T heol j	(µm)	-	300	287	282	276	258
	D SP H j	(µm)	263 281	278	275	269	240
	Standard deviation (µm) (SPH) 27	13	11.5 10.5	10	10.6
	Relative Error (%)	-	7	3.3	2.6	2.5	7

Table 3 :

 3 Theoretical and SPH mean droplet diameter as a function of the applied frequency.

	Ref	Gaseous particles Dimension	We	Oh
	[18]	No	3D	[0.1 -4.]	0.9
	[23]	yes	2D	[0.34 -4.3]	1.6 × 10 -3
	[19]	yes	2D	[0.1 -1]	9. × 10 -2
	[17]	No	3D	[1.6; 118]	2.5 × 10 -3
	This study	No	3D	[8 -208]	[9.6 × 10 -3 -0.48]

Table A .

 A 4: Simulation parameters for the vibration study. N d is the number of droplets obtained in the simulation and Ns the number of satellites. The constant parameters ρ = 1000Kg/m 3 , g = 9.81m/s -2 , σ = 7.2 10 -2 N/m are not given in the table. -10) to get the mean values with a reasonable uncertainty. The breaking length was measured graphically by the mean of Paraview software. The parameters used for each simulation and the number of droplets are given in Table A.5.

	D j (µm) v j (m/s) ν(N.s/m 2 ) f (kHz)	Oh	W e N d N s
	150	5.5	10 3	0	0.0096 63	37	1
	150	5.5	10 3	7	0.0096 63	20 10
	150	5.5	10 3	8	0.0096 63	28	9
	150	5.5	10 3	8.4	0.0096 63	23	8
	150	5.5	10 3	9	0.0096 63	32	7
	a few number of droplet were necessary (≈ 5			

Appendix A.3. Convergence study

For the spacing convergence study (see Appendix B),the parameters are given in Table A.6.

Table A .

 A 5: Simulation parameters for the break-up length study. The constant parameters ρ = 1000Kg/m 3 , g = 9.81m/s -2 , σ = 7.2 10 -2 N/m are not given in the table.Table A.6: Simulation parameters for the spacing convergence study. The number of droplets is not given for the ∆x/∆x 0 = 0.75 study since the simulation was too long to be reasonably . The constant parameters ρ = 1000Kg/m 3 , g = 9.81m/s -2 , σ = 7.2 10 -2 N/m are not given in the table.

	D j (µm) v j (m/s) ν(N.s/m 2 )	Oh	W e N d
	150 150 D j v j (m/s) ν(N.s/m 2 ) 2 3.5 150 5.5 150 5.5 10 -3 150 7.5 150 5.5 10 -3 150 10 150 5.5 10 -3 150 2 150 5.5 10 -3 150 3.5 150 5.5 10 -3 150 5.5 150 5.5 10 -3	1. 10 -3 1. 10 -3 Oh W e 1. 10 -3 0.0096 63 1.5 10 -5 0.0096 8.3 0.0096 25.5 ∆x ∆x/∆x 0 N d 6 6 0.0096 63 1.5 17 7 1. 10 -3 0.0096 117 0.0096 63 1.2 10 -5 1.2 13 6 1. 10 -3 0.0096 208 0.0096 63 1.1 10 -5 1.1 21 6 1. 10 -2 0.096 8.3 0.0096 63 1. 10 -5 1. 24 8 1. 10 -2 0.096 25.5 0.0096 63 9 10 -6 0.9 14 5 1. 10 -2 0.096 63 24 0.0096 63 7.5 10 -6 0.75 5
	150	7.5	1. 10 -2	0.096	117 10
	150	10	1. 10 -2	0.096	208	7
	150	2	2.25 10 -2	0.217	8.3	8
	150	3.5	2.25 10 -2	0.217 25.5 10
	150	5.5	2.25 10 -2	0.217	63	10
	150	7.5	2.25 10 -2	0.217	117	9
	150	10	2.25 10 -2	0.217	208	3
	150	3.5	3.2 10 -2	0.308 25.5	8
	150	10	3.2 10 -2	0.308	208 10
	150	3.5	5. 10 -2	0.48	8.3	5
	150	5.5	5. 10 -2	0.48	25.5 12
	150	7.5	5. 10 -2	0.48	63	6
	150	10	5. 10 -2	0.48	117	4
	150	10	5. 10 -2	0.48	208	8
	150	3.5	6.74 10 -2	0.65	25.5	6
	150	10	6.74 10 -2	0.65	208	6
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Appendix A. Simulations parameters and post-processing data

This appendix gives the simulation parameters for the different studies presented in the article. The simulations were run on CPU Intel Xeon Gold 6132 with 28 parallel threads. The wall clock time goes from a few days for the shorter simulations and up to 3 weeks for the longest. The paragraph bellow present the parameters for the vibration, breaking length and convergence study. In the tables, the reference case (common to all the studies) is in gray.

Appendix A.1. Vibration study

For the vibration study, 5 simulations were run with constant parameters except the vibration frequencies. The full parameter list is given in Table A.4. The size of the droplets was measured graphically with Paraview software along the 3 axes. The diameter of the droplets was then taken such as

. Then, a threshold was applied to distinguish satellites from regular droplets. The later was chosen such as D < 180µm. In the reference simulation without vibrations, It appears that there is only one satellite. Thus, the later was not considered in the statistics (Figure 4. Finally, for all the graphs of the article, the error bars were determined taking the student coefficient for a 95% interval. As shown in the the table, between 20 and 30 droplets were obtained in each simulation and up to 10 satellites.

Appendix A.2. Breaking-length study

For the breaking length study without vibrations, the only targeted parameter is the breaking length L j /D j . Since the results were very consistent, only

Appendix B. SPH and Convergence

The spatial convergence of SPH simulation for free surface flow with surface tension is a complex problem. Indeed, the convergence condition for SPH method requires (1) ∆x and the smoothing length h tends towards 0 and (2) the numbers of neighboring particles tends towards the infinity. It implies that the ratio of the cutting length by the spacial discretization R c /∆x should be increased while decreasing ∆x [START_REF] Arai | Comparison of surface tension generation methods in smoothed particle hydrodynamics for dynamic systems[END_REF][START_REF] Fürstenau | Free surface tension in incompressible smoothed particle hydrodynamcis (isph)[END_REF].

In the standard case where R c is kept proportional to ∆x and h, the number of neighbors remain constant and the condition 2) is not fulfilled. In the other hands, increasing R c /∆x while decreasing ∆x to increase the number of neighbors leads to a dramatic increase of CPU time due to the neighboring search