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Abstract: The growth or dissolution of a particle under compression or simple shear
is investigated by means of an analytical approach. The changes in shape and size of
the particle are determined by the combination of two interphase movements:
migration (with respect to matter) and advection (driven by the moving matter). The
problem is solved by an indirect original method, where the particle surface is derived
as the envelope of a family of straight lines (2D) or planes (3D), which leads to closed
form parametric equations. It is shown that the shapes of deformed particles are close
to, and can be fitted by, ellipsoids. The equivalent strain dependence of the aspect ratio
is similar for both investigated loading paths: particle flattening or elongation is
reduced by growth, and conversely increased during dissolution. Finally, upon growth
from a zero initial radius, the aspect ratio is a function of the applied strain only, which

is contrary to intuition.

Keywords: boundary migration, particle growth, dissolution, uniaxial compression,

simple shear, grain growth, recrystallization, analytical modeling.



1. Introduction

Temperature holding of a polycrystal generally leads to grain growth (Fig. 1a). The
same type of phenomenon may occur in materials containing second phase particles,
where the latter nucleate, grow, or dissolve during heat treatment according to
chemical equilibrium. This is achieved by grain or interface boundary migration,
which is a (non-material) movement with respect to matter. It is basically a diffusion
process, which endows boundaries with a mobility. By contrast, when a material is
deformed at room temperature or more generally in conditions such that mobility can
be neglected (e.g. at high strain rates), grain and interphase boundaries move simply
because they are driven by matter (Fig. 1b). This second type of motion can be
considered as a type of advection. In hot deformation of metals, migration and
advection of boundaries combine together in more or less complex ways, thus
influencing the shape as well as size changes of grains and second phase particles
during straining. Diffusion assisted grain or particle fragmentation during deformation
as well as static grain growth and dynamic recrystallization or dynamic precipitation
are likely to be affected [Montheillet and Piot, 2017].

The shape change of an inhomogeneity in a matrix submitted to any prescribed velocity
field has long been investigated, for instance in the relatively simple case of spheroidal
voids (considered as special inclusions) [Budianski et al., 1982] or inclusions
[Gilormini and Montheillet, 1986]. In such models, the particle interface is assumed
to remain fixed with respect to matter, which means that the mass of the particle does
not change with time. On the other side, grain growth during solidification (liquid
matrix) as well as recrystallization and grain growth in a solid matrix have been
addressed by various methods, such as analytical approaches [e.g. Burke and Turnbull,

1952], cellular automata [Hesselbarth and Gdébel, 1991], vertex method [Maurice and
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Humphreys, 1998], phase field method [Moelans et al., 2013], and level set-finite
element (LS-FE) computations [Bernacki et al., 2009]. In all cases, however, static
grain growth or recrystallization phenomena have been considered, i.e. occurring in a
non-deforming material (which is the specific meaning of static here). In some cases,
the influence of elastic strains has also been taken into consideration [Duddu et al.,
2011]. Only recently, complex semi-analytical [Piot et al., 2018; Maire et al., 2018]
and LS-FE [Maire et al., 2017; Ruiz Sarrazola, Maire et al., 2020; Ruiz Sarrazola, Pino
Mufioz et al.,, 2020] approaches have been applied to the case of dynamic
recrystallization, leading to first results about the influence of large plastic strains on
the growth (or shrinkage) of grains. It has also been shown that a simple one-
dimensional model combining plastic strain and grain-boundary migration allows to
estimate the migration rate from the measurement of the average grain thickness after
hot compression [Gourdet and Montheillet, 2002].

In the present article, an analytical model is proposed for predicting the kinematics of
growing or shrinking particles in a material submitted to simple velocity fields up to
large strains. Closed-form equations for the current shape and size of a particle are

obtained, and specific effects of boundary migration are highlighted.

2. Overview of the model
In the following, an isolated particle in a homogeneous matrix is considered with initial

spherical shape of radius r, (possibly zero). The velocity (advection) field v, is

assumed uniform, which means that perturbations induced by the presence of the
inclusion are negligible. This condition is fulfilled for instance in the Taylor (uniform
strain rate) assumption. Although the model is more general, two specific strain paths

will be addressed, viz. uniaxial compression and simple shear, corresponding to
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classical compression and torsion experiments, respectively. The main driving force
for migration is the decrease of chemical free enthalpy associated with the phase
transformation. The energy density is assumed homogeneous within the particle as

well as in the surrounding matrix, which involves a migration velocity v,, normal to

the interface [Humphreys and Hatherly, 2004]. However, this precludes local

variations in chemical composition on the two sides of the interface. Furthermore, to

a first approximation, the migration-rate modulus »,, = |Vm| is considered as a constant.

This is clearly a strong limitation of the present model, since in many physical

situations »,, varies both with position along the interface and with time. The latter

case occurs in "grain scale” modeling of static or dynamic recrystallization, where the
main driving force is the difference in average stored dislocation energy between the
recrystallized grain and the matrix, which constitutes a simple extension of the model.

Local changes of »,, may occur in turn, for instance due to the driving force component

associated with interface curvature (capillarity effects). However, in such a case
numerical calculation (finite difference or level set finite element method, phase field
approach) should be involved.

To describe the current shape of the particle, it is necessary to derive the time (or
strain) dependence of the spatial coordinates of any point M of the interface (Fig. 2).
The displacement rate of the latter is given by the differential equation:

domMm
dr

=V, +V, (1)

where 7is the time. The direction of v, involves the local shape of the interface, and

Eq. (1) thus leads to quite complex partial derivative equations, which are difficult to
solve, even numerically. It is possible, however, to use an indirect but smarter way, by

considering the tangent line (7) at the current point M of the desired curve (or in 3D
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the tangent plane (/7) at point M to the desired surface, see Appendix B). (7) is defined

by the normal vector OP of modulus » and polar angle € with initial values r; and 6,

(P is referred to as the podal point associated with M). Under any uniform strain field,
(7T) remains a straight line. If one is able to derive the evolution of (7)) with time 7, i.e.

the two functions 7(7) and 6(7), the interface will be obtained as the envelope of the

tangent lines for any given 7. This technique was applied successfully to the cases of
uniaxial compression and simple shear, as will be described below. In the first one, the
evolution of the axes can be separately derived due to symmetry considerations and
will be addressed first. The shape of the particle is obtained in the form of two

parametric equations x=x(t, &) and z=z(¢, &), where ¢t =tand and ¢ is the axial strain

(which identifies here to the von Mises equivalent strain) and both functions involve
a non-analytic integral. By contrast, under simple shear the axes rotate during straining
and their lengths and orientations cannot be determined analytically. The shape of the

particle is derived again in a parametric form x=x(t,) and y=y(¢,y), where y

denotes the shear strain. It turns out that the two functions x and y are in this case fully

analytical.

3. Uniaxial compression
It is sufficient to investigate the section of the interface by any plane (xz) containing

the symmetry axis z. The advection velocity field is:

v, {éx/2 2

-&z
where the axial strain rate ¢ (>0) identifies to the von Mises equivalent strain rate (i.e.

E=g=—¢

. and therefore &=&). The particle shape will obviously remain

axisymmetric during combined advection and migration displacements. The length
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changes of the axes can be analyzed first, before investigating the global shape of the

particle.

3.1. Particle axes

If @ and b are the lengths of the semiaxes parallel to z and x, respectively, Eq. (1)

gives:
d—az—éa+pm or j—a:—a+”—’_” (3a)
T £ &
j—b:%bwm or j—bzgﬂ—’_" (3b)
T £ &

Accounting for the fact that for 7=¢=0, a=5b =1, integration of the above equations
leads to:

a=(ry—v,/é)exp(-&)+v,,/é (4a)

b=(ry+2v,/é)exp(e/2)-2v,, /¢ (4b)
(1) When »,, > 0 (particle growth), b increases monotonically with strain from its initial
value r( to infinity. By contrast, since da/de =— (1) —2,,/&)exp(— €) , two different cases
can occur: if 7y —,, /£ >0 or equivalently if @ =v,,/ré <1, a decreases from r, to the
asymptotic value »,,/&, whereas if 7, —»,,/£<0 or a>1, a increases from rjto v,,/¢.
In the particular case @ =1, a remains constant during straining, which means that

advection is exactly counterbalanced by migration. It is interesting to note that for any

value of « the asymptotic shape of the particle is a disk of thickness 2»,,/¢ and infinite

radius. In a similar way, the existence of an asymptotic thickness of grains under
compression test has been reported previously [Gourdet and Montheillet, 2002] and it
was shown that the migration rate of grain boundaries could be derived from the

measurement of the average grain thickness after hot compression.
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(i) When »,, <0 (particle dissolution), a decreases monotonically from r, to zero,
which is attained for a critical strain & given by exp(&l)= (1 —2,,/&)/(=v,,/&)
=(a—1)/a. Since db/de =(ry/2+v,,/&)exp(g/2), two different cases can occur again:

if 7/2+v,,/é>0 or equivalently & >—1/2, b increases from r\ to infinity, while if
a<—1/2, b decreases from r( to zero which is attained for a critical strain 5? such as
exp(gf/Z) =, /€)/(1y/2+v,,/]€)=al/(a+1/2). However, comparison of the two critical

strains shows that & <&’

. » and thus in the two cases the particle ends its life in the

form of a disk of vanishing thickness for & =¢/ . The final radius b, can be determined

by substituting &7 for ¢ in Eq. (4b). In the special case @ =—1/2, it is easy to check

that b remains equal to its initial value r, till the disappearance of the particle. The

above discussion is summarized in Table 1.

Particles are usually characterized by their aspect ratio A =a/b, which is here:

_ ryexp(- )+ (1,,/£)[1- exp(- )]

= . (5)
1y exp(e/2)+ 2(v,, /&) [exp(e/2) —1]
Provided the initial radius r; is nonzero, Eq. (5) takes the form:
exp(— &)+ af[l—exp(—¢
_ _exp(= &)+ ol - exp(= )] ©

exp(e/2)+ 2afexp(e/2) - 1]
which shows that the aspect ratio depends on the single parameter a =v,,/r,¢. In the
case =0 (no migration), it is well known that the shape of the particle remains
spheroidal during straining and Eq. (6) reduces to 4 =exp(—3&/2). A second special
case occurs when 7y =0, which means that the particle nucleates at the onset of the

deformation (£=0). Eq. (5) then gives:
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1= exp(— 5)
A= Z[exp(g/Z)— 1:|

(7)

Quite surprisingly, the strain dependence of the aspect ratio is the same whatever the

prescribed strain rate ¢ and the migration rate »,,. This point is discussed in greater

detail in Appendix A. The strain dependence of A in the various cases is shown in

Fig. 3.

3.2. Analytical derivation of the particle shape
a) Equation of the tangent (T)

We start from the normal equation of the tangent (7) at a given time 7 (or strain &):
xcos@+zsinf=r (8)
where the coefficients of x and z are the two components of the unit normal n to (7)

(see Fig. 2). The first task is to derive the corresponding equation at time 7+d7z (or
strain €+ £d7). Migration does not change the slope of (7), i.e. the angle 6, but makes
r change by dr=v,dr=(r,/é)de. To determine the effect of advection, the
displacements of two points of (7), for instance the intersections 4 (x, =r/cos@) and
B (zg =r/sin@) with the coordinate axes, are derived: these two points remain on the
axes and their coordinates at time 7+dr are given by x/, and zj with
x'y=x,0+&d7/2)=x,(+de/2) and zj =zg(1—édr)=zz(1—de). The equation of the
tangent (7') at time 7+d7 is then:
Zpx+ Xy z=xz} 9)

This is still not the normal equation of (7"') that is obtained by dividing the two sides
by \/x:f + 21'92 . After some calculations, using a first order expansion with respect to

de, this leads to:
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L2, 2
XCOSH(I—%SiHZ9d8j+ZSin9(1+%COSZHd8j=}’£1—2Sln 92 cos ed«?j(lO)

Alternatively, if dr and d@ are the increments of » and € during the time increment dz,
the equation of (7”’) can also be written in the form:
xcos(@+dO)+ ysin(@+dO)=r+dr (11)

or, to the first order in dr and dé&:

x(cos@—sin@dO) + z(sin@+ cos@df) =r+dr (12)
Identification of the coefficients of x and the right hand side term in Eqs (10) an (12)
gives two first order differential equations for the functions » and € of the variable &,
with initial conditions » =7, and =6, for £=0 (it is easy to check that identification

of the coefficients of z is redundant):

ﬂ=£(cosze—2sin29)+0—’_” (13a)

de 2 £

3—9=§sin¢9c059 (13b)
£

where the migration term #,,/¢ has been incorporated in Eq. (13a).

Integration of Eq. (13b) is obvious and gives:
t =1, exp(3¢/2) (14)

where ¢t =tan@ and ¢, =tang,. Substituting 7 for #in Eq. (13a) then gives:

3rdr 1-202 o,

- r=ta (15)
2dr 20+¢%) £
Solving first the associated homogeneous equation leads to:
1/3
R (16)

«/1+t2
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Substituting then »* for » in Eq. (15) and considering 4 as a function of ¢ leads to

A=(2v,,/3¢)[K(t)+ C], where C is a constant and K(f) is an indefinite integral (non

analytical) of the function 4/1+ £ /t4/3 . This gives:

1/3
r= 2k 4 C]

3¢ J1+22

Introducing the initial conditions and solving for », we obtain:

13 | fi.,2
Ll RS 22 AK (19,1 (18)
&

r = In +
\/1+t2L fol/3 N

in which variables (&, f) can be substituted for (¢,,¢)using Eq. (14), leading to:

(17)

=

[exp(g/Z)\/l + 1% exp(-36) 1y + %thK [t exp(—3¢/2) ,t]y—’_”} (19)
&

1
\/l+t2

In the last two equations, the definite integral AK(¢y,t)=K()— K(z,), i.e.:

t 2
AK (ty, 1) = AK [texp(—3¢/2) . t] = J —Vlj/;’du —AK(s,1)  (20)
texp(—3¢/2) U

was introduced. Eq. (19) specifies the position of the tangent (7) in the (xz) plane for

any polar angle & at a strain & The associated Cartesian equation is given by Eq. (8),

noting that cos6’=1/\/1+t2 and sinHzt/«/lthz :

X+tz= exp(5/2)\/l +1% exp(—38) 1y + %thK [texp(—3¢/2), t]”—’” (21)
&

b) Equation of the envelope

The last task is to find the envelope of the tangents (7) when ¢ varies, for any given
strain ¢. This is achieved by taking the derivatives of the two sides of Eq. (21) with

respect to ¢ and solving for x and z [see, e.g., Wikipedia, 2018]. We thus get:
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() B EFIMK(&;) - 30,AK e, t)}”—'." (222)
\/l + 12 exp(—3¢) 313 ¢

Lo texp(- 5¢/2) o+ 2[11‘2/3AK(8, )+ 11/38tAK(5,t)Y—’,” (22b)
\/1 + 12 exp(—3¢) 3 ¢

where AK(¢,t) is given by Eq. (20), from which the partial derivative J,AK(¢,t) with

respect to ¢ is readily calculated:

OAK (&, 1+ ¢ 1+ ¢% exp(- 3¢
G(tg )} Z\/t4/3 —\/ 14/3p( )exp(8/2) (22¢)

0,AK(¢g,t) = {

With € varying from —7/2 to +z/2, Eqs (22a) and (22b) give a parametric
representation of the matrix-particle interface in (xz) plane, for any given strain ¢. It
is worth to note that:

(1) When »,, =0 (pure advection), Eqs (22a) and (22b) lead to:

2 2
X z
+

=1 (23)
r02 exp(¢) r02 exp(—2¢)

which is the equation of an ellipse of semiaxes 7, exp(¢/2) and ryexp(— ¢) parallel to x
and z, respectively, as expected.

(ii) If r, is taken as unit length, the only parameter is & =v,, /1y & . Furthermore, if 7, =0,
to the scaling factor 2, /&, the shape of the growing particle depends only on the

applied strain & whatever »,, and ¢ (see Appendix A).

3.3. Shape changes of particles under uniaxial compression

The above results are illustrated in Fig. 4 for an initially spherical particle of radius

1y =1 or 0 and axial strains ranging from 0 to 1: In the absence of boundary migration

(Fig. 4a), the particle becomes merely a spheroid according to Eq. (23). Fig. 4b shows
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the case of a particle growing during deformation. Although penny shaped, it is not a
spheroid. In the present case, 1, =0.8 and »,,/é=1, a >1, which means that a increases
up to the asymptotic value 1, while b tends to infinity. The special case =0, which
corresponds to the nucleation and subsequent growth of a particle during straining, is

shown in Fig. 4c, where it looks even more "rounded" (see the aspect ratio in Fig. 3).

In Fig. 4d, »,/é=-1 which means that the particle shrinks during straining

(dissolution). Since a=-0.56<-1/2, it takes the form of a disk of decreasing

thickness, which would eventually vanish at &7 =1.03 (see section 3.1) . However, the

present analytical calculations are no longer valid at large strains since a cusp appears
at z = 0 for a strain close to 0.8 as shown by the figure. More quantitative results can
be derived, such as the strain dependence of the particle volume for various values of

v, /€ (Fig. 5a). Since the shape is not ellipsoidal, the volume was calculated
numerically (see Appendix C). However, the figure shows that a very close

approximation is obtained by taking the volume = (4/3)7za2b of the spheroid of

Vapp
semiaxes a and b. In the same way, the surface area changes of the particle are depicted
in Fig. 5b. An analytical approximation is proposed as the surface of the oblate spheroid

(A<1) of semiaxes a and b [Eqgs (4a) and (4b)], i.e.:

2
Suppe 27 {bz + a—bln(b i CH (24)

C a

where ¢ = \/bz —a% . As expected, the surface area increases in the absence of boundary

migration (z,, =0).
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4. Simple shear

4.1. Analytical derivation of the particle shape

The simple shear case is more complex, since the evolution of the particle is fully
three-dimensional as soon as the migration rate »,, is not zero. If (xz) and x are the
shear plane and shear direction, respectively, it is nevertheless sufficient to analyze
the section of the interface by the plane of symmetry (xy) to form an adequate mental
picture of the particle. The analysis below is thus restricted to the (xy) plane which
contains the two terms v, and v,, of the displacement rate, while its 3-D extension is
reported in Appendix B. Moreover, the analysis is made more difficult than in uniaxial
compression because the axes of the particle (which incidentally are not derived in
closed form) rotate during deformation. The simple shear advection velocity field is

now:

7Yy
v, {0 (25)

where 7 (>0) is the shear strain rate. The latter is related to the von Mises equivalent
strain rate by the equation & = 7//\/5 and, as a corollary, the equivalent von Mises strain

is Ez;//\/g where y is the shear strain. The same method as in Section 3.2 is used to

derive the evolution of a tangent to the desired interface, which leads to the following

two differential equations:

z:lfsint9cosHJr”—"” (26a)
dy 4

99 os20 (26b)
dy

Integration of Eq. (26b) readily gives:

t=ty—y 27)
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where t=tan@d and f,=tand,. Substituting ¢ for 6 in Eq. (26a) then gives after

integration:

Jle@ey? L YW+ 7)2 =1+ 22 +sinh ™ (¢ + ) —sinh ™ (1) |, 08)

\/1+t2 ’ \/1+t2 27

This gives the equation of the tangent:

Xty =1+ (t+p) ry+ [(t+ YW+ )2 =031+ 2 +sinh™ (¢ + ) - sinh ™ (r)}% (29)
7

Taking then the derivatives of the two sides of Eq. (29) with respect to ¢ and solving

for x and y gives parametric equations for the particle surface in the symmetry plane

(xy):

4 (e O N l:(}/—t)\/l+(t+ 9% + 1+ 12 +sinh (¢ + 7)—sinh_1(t)}”—”f (30a)
J1+ (@t +7)? 2y

y:%ro+2[\/l+(t+]f)2 —\/1+t2K—'; (30b)
+(t+y

The full three-dimensional equations of the surface are given in Appendix B.

4.2. Shape changes of particles under simple shear
The above results are illustrated in Figs 6a,b,c for an initially spherical growing

particle of radius 7, =1 or 0 and equivalent strains ranging from 0 to 1 (i.e. 0<y <1.732):

In the absence of boundary migration (Fig. 6a), it is easy to check that Eqs (30a) and

(30b) with »,, =0 reduce to the Cartesian equation of an ellipse:

(4 )y =2y =1y (31)

The major and minor axes make angles and «,,;, with the x-axis and their lengths

amax

arc:
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)
g =\/§”0/[7’2+2—7/\/72+4} (32a)

and:

1/2
i =‘/§”0/[72+2+7\/72+4} (32b)

The third axis of the ellipsoid is parallel to z and, since simple shear is a plane strain

deformation, its length ¢=1 remains constant.
Fig. 6b shows the case of a growing particle. Sections by the (xy) plane look roughly

like ellipses, although they are not. When 7, =0 (Fig. 6¢), it becomes more obvious

that the sections are more "rounded" than ellipses. Moreover, it is interesting to note

that, in the same way as in uniaxial compression, the ratio »,,/y appears merely as a

scaling factor, which means that the shape of the particle depends only on the strain y,
whatever the shear strain rate y and the migration rate »,, (see Appendix A). In the

case of a shrinking particle (Fig. 6d), a cusp appears at the end of the major axis for a
strain close to 0.5 as shown by the figure, and the calculations are no longer valid at
larger strains. It is still possible to define two main axes in the (xy) plane, for example
and minimum a

the maximum a radii of the curve, which were determined

max min

numerically. The aspect ratios A =a are reported in Fig. 3; this diagram shows

min | Amax
that, when plotted as a function of the equivalent strain, the evolutions of A in uniaxial
compression and simple shear are very similar. In both cases, the particle is clearly
less flattened when it grows and conversely more flattened during shrinking. The angle
of the particle major axis to the x-axis is shown in turn as a function of the shear strain
y in Fig. 7. By contrast to A, the latter is not strongly modified by grain boundary
migration. Nevertheless, it appears clearly that the rotation rate of the major axis

towards the x-axis becomes faster when the particle shrinks, while it is decelerated for
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a growing particle.

In all cases the two opposite points with horizontal tangent are associated with
O=+7/2 or t >+w. For @=7/2 (e.g. point P in Fig. 8), Eqs (32a) and (32b) give
quite simple expressions of the coordinates & and 7 of P, after evaluation of some

indeterminate forms:

2

§=7ro+y—”—'."

27 (33)
7727’0*‘7”—’"

y

This observation strongly suggests to consider the ellipse (), centered in O with

horizontal tangent in P, as an approximation to the particle shape. The latter is simply

obtained from the circle of radius 7 by a simple shear of amplitude 7 =¢&/77, as shown

in Fig. 8. The equation of (E£) as well as the lengths of its axes are then given by
substituting » for y in Eqs (31) and (32a, b). Figs 8a and b illustrate this fit for the
two cases of particle growth and dissolution, respectively.

Finally, the computed volumes and surfaces of the particle are displayed in Figs 9a
and b as a function of the shear strain y (see Appendix C). It appears that the volume
is perfectly well estimated by the analytical volume of the respective approximate

ellipsoid. (Note that the latter is merely equal to the volume of the sphere of radius 7).

Finally, a significant parameter is the surface to volume ratio S/V of the particle. It is
important to take into account, since in the present approach as well as in a number of
models of grain growth or recrystallization, surface energy is neglected to a first
approximation. Fig. 10a shows that for a particle of nonzero initial volume, S/V
remains almost constant or decreases slightly during uniaxial compression or simple

shear loading for pure advection or particle growth. By contrast, it increases strongly
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when the particle in shrinking, which means that surface energy should be involved in
such a case. That is even more true for the growth of a particle of zero initial radius

(Fig. 10b).

5. Conclusions

The conclusions of the present investigation are first to be drawn in terms of
methodology: it was shown that the evolution of the interface between a growing or
shrinking (dissolving) particle and the surrounding deforming matrix can be
determined as the envelope of a family of straight lines or planes. In the simple cases
of uniaxial compression and simple shear, and assuming constant (in space and time)
normal migration rate of the boundary, results have been given in a completely
analytical form.

The main outcomes of the calculations are the following:

(a) It was shown that for a particle growing from a zero initial radius, the ratio between
the migration rate and the applied strain rate acts merely as a scaling factor. In
consequence, quite surprisingly, the aspect ratio of the particle is independent of the
above two parameters.

(b) The shapes of the deforming particles are not, although they are always close to,
ellipsoids whenever the migration rate of the boundary is not zero. Therefore, they can
be fitted by ellipsoids which have been derived analytically.

(c¢) The strain dependence of the aspect ratios is very similar for the two types of
loading, provided the von Mises equivalent strain is used. In both cases, particle
flattening or elongation is reduced by growth, and conversely increased by shrinking
(dissolution).

(d) In simple shear, the rotation of the particle main axes is only weakly dependent of
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the loading conditions, even with an initial zero radius.

Further works can be suggested using less restrictive conditions, including more
complex strain paths (e.g., combination of compression and plane shear) or migration
rate changing in time and / or in space. For instance, an application of the approach to
the grain shape evolution during dynamic recrystallization, involving successive
growth and shrinking, could be carried out straightforwardly from the present results.
Moreover, a natural extension of the model would be to include the driving force
component due to interface curvature, that would require the use of numerical

calculation (e.g., finite difference or finite element method, phase field approach).
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Appendix A

Shape change of a particle of zero initial radius

It has been shown that the evolution of an initially spherical particle under both

uniaxial compression and simple shear, with constant boundary-migration rate »,,, was

governed by a differential equation of the form:

Lo o=t (A.1)
&g g

where 7 and @ are the current coordinates of the podal point P of the desired interface

(in simple shear, y stands for &). More specifically, for uniaxial compression [Eq.

(13a)]:
1 2 )
fl(é’):E(cos 60— 2sin” 0) (A.2)
and for simple shear [Eq. (26a)]:
g1(@)=sinfcosd (A.3)

In the above equations, it is possible to replace € (Eulerian standpoint) by 6, and ¢ or
7 (Lagrangian standpoint), where 6, is the value of @at £€=0 [see Eqs (14) and (27)],
which yields:

1- 2t02 exp(3¢)

&) = A4
f20-2) 201+ 1,2 exp(3€)] (A9
__fom7 A5

We assume now that the radial coordinate of the podal point fulfils a slightly more

general differential equation, allowing the migration rate to depend on 6, and ¢:

j—”— £ (O0s ) = 1y €) (A.6)
E E
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Integrating first the associated homogeneous equation with respect to ¢ for any given

G, gives:

In {%J - J‘ [y, 6)de = F(6y, &) (A7)

where 4 is an integration constant. Then:

r* = Aexp[F(8y,¢)] (A.8)

Substituting then #* for r in Eq. (A.6) and considering 4 as a function of & leads to:

L0 1(0).e)expl- F (6, (A.9)
& &
whence:
A= ”—’.”Uh(ﬁo, £)exp[— F (6, &)lde + c} (A.10)
&
or:
A="m178,,6)+C] (A.11)
&
and therefore:
r="11J(6), )+ Clexp[F(6,, )] (A.12)
&

The constant C is such that =7, for £ =0, which gives:
1y =21 (6,0)+ Clexp[F(6.0)] (A.13)
&

Finally, combination of the last two equations yields:

I M .
r_{exp[F(Ho,O)]+ g G0 (6’o=0)]}exp[F (6p.%)] (A.14)

In the case where the initial radius of the particle is zero, »,,/& stands merely as a

scaling factor of r. In particular, for any given strain ¢ the ratio of the minimum and
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maximum r, i.e. the aspect ratio of the particle, is independent of both the prescribed

strain rate and the migration rate of the interface.

Appendix B

Three-dimensional analysis of the simple shear case

The tangent plane (/7) at point M to the desired surface is now considered (Fig. B.1).
(77 is defined by the normal vector OP of modulus r and polar angles & and ¢ with
initial values r, 6,, and ¢, (P is the podal point associated with ). Under any uniform
strain field, (/7) remains a plane. If one is able to derive the evolution of (/7) with time
7, i.e. the three functions r(7), 6(r), and ¢(7), the interface will be obtained as the
envelope of the tangent planes for any given 7. Since the normal unit of OP is
n(cos@cosg, sind, cos@sing), the normal equation of plane (/7) is:
xcos@cos @+ ysinf+ zcosfsinp=r (B.1)

After derivation of the corresponding equation at time 7+ dz (or shear strain y+ ydr),

and following the same way as in Section 3.2, three first order differential equations

for the functions 7, 8, and ¢ of the variable y are obtained:

fizrsinﬁcosﬁcosgo+y—.’” (B.2a)
dy

< %:—coszﬁcosgo (B.2b)
dy

do_, (B.2¢)
\dy

which first leads to the first conclusion that the podal point P stays in a fixed plane

@ =@, during straining. (Note that this does not hold for the current point M of the
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interface). Equations (B.2a) and (B.2b) can then be written:

dr =rsinfcosd+ — i
cos@,dy 7 COS@y
_ 40 =—cos? 6
cosgy dy

(B.3a)

(B.3b)

This system of equations is formally identical to Eqs (26a) and (26b) provided that

ycos g, is substituted for y. In particular, this leads to:
= tO — y Cos (00
where f=tan@ and ¢, =tan§,, and Eq. (B.1) can be written:

XCOSQ+ty+zsing=p

(B.4)

(B.5)

where p=ryl+ ¢ . This equation represents a family of planes (/7) depending on two

independent parameters ¢ (=¢,) and ¢ (Eulerian standpoint) or ¢, and ¢, (Lagrangian

standpoint). Its envelope is determined by taking the partial derivatives of the two sides

with respect to 7 and ¢ and solving the following system for x, y, and z:

XCos@+ty+zsing=p
y=0p/ot
—xsinp+zcosp=0p/0p

This yields:

-
x= p—ta—p cos¢—6—psin¢
ot op

< y=dpjot

op | . op
=| p—t—— [sin@p+ ——cos
_? (p &] P+ 50

(B.5)
(B.6a)

(B.6b)

(B.7a)

(B.6a)

(B.7b)

After some simple but somewhat tedious calculations, fully explicit expressions are
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found for x, y, and z:

[ o cos@+ y(t+ ]/COS¢)r

= 0
\/1+(t+7cos¢)2
+{(l—tan2(0)|:Sinh_1(l‘+}/COS(p)—Sinh_l(t):|—(1+tan2(p)|:(t—}/COS(D)\/1+(l‘+]/COS(p)Z—t\/1+t2:|}”2—7’f
Y
(B.8a)
1+ (t+ 2 J1+1¢?
y= t+ycose ro+2 \/ (t+ ycosg) \/ z/_m (B.8b)
\/l+(t+7/cos¢))2 Cos@ 2y
z= sing ro+2[sinh = (¢ + y cos @) — sinh ~1(1) | tan p - (B.8c)
\/1+(t+;/cosgo)2 2y

The above three equations, with € varying from — /2 to + /2 and ¢ from 0 to 7, are

a parametric representation of the three-dimensional surface of the particle.

Appendix C

Numerical calculation procedures

Two Python scripts were developed: the first one computes the evolution of the particle
shape and size for increasing shear strains after discretizing the ¢ variable in Eqs (30a)
and (30b). A special care was devoted to the case where the particle collapses. The
second Python script computes the time evolution in a Lagrangian formulation of the
3D particle in shear strain according to the equations given in Appendix B. Each point
M of a particle surface has the following expression in a spherical coordinate system:
OM =x(0,p)i+y(0,p) j+z(0,p)k (C.1)
The shape is computed for each shear strain. The area 4 and volume V of the particle

are given respectively by the integrals:
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loom _oom|
X

28 |ded(p (C.2)

<l

V=U z(@a—y—a—ya—xjdedgp (C.3)
s 8009 06009

It is worth to mention that the determination of 4 and V requires the computation of

and

six partial derivatives, which is efficiently carried out thanks to SymPy, a Python
library for symbolic mathematics. These two surface integrals are numerically
evaluated thanks to the 2D trapezoidal rule. For each value of the shear strain, the two
Python scripts generate a set of .vtk files for easy post-processing and 3D visualization

thanks to Paraview's software.

Acknowledgements. One of the authors (FM) is indebted to Dr. G. Damamme (French
Atomic Energy Commission) for his essential suggestions and fruitful discussions

about the analytical calculation procedure.

Table and figure captions

Table 1. Evolution with prescribed axial strain of the minor (a) and major (») semiaxes

of a particle for a negative (dissolution), zero, or positive (growth) migration rate »,,.

The asymptotic shape of the particle is also indicated.

Figure 1. (a) Two-dimensional simulation of grain growth using a vertex model: grain
boundary movement with respect to matter (migration) [Maurice and Humphreys,

1998]; (b) Schematic representation of grain boundary movement driven by matter
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(advection) in the case of plane strain compression [after Maurice and Humphreys,

1998].

Figure 2. Illustration of the tangent (7) at point M to the particle-matrix interface.
Vector OP defined by its polar coordinates » and 6 is normal to (7) and P is the podal

point associated with M.

Figure 3. Equivalent strain dependence of the particle aspect ratio in uniaxial

compression (analytical results, solid lines) and simple shear (numerical results,

broken lines). For 1, =0, the evolution is independent of Z/m/é‘;; for ry =1, three values

of v, /& are compared.

Figure 4. Axial sections showing the evolution of the particle shape in uniaxial

compression for axial strains ranging from 0 to 1; (a) »,,/¢ =0, pure advection effect;

(b) Case of a particle growing towards an asymptotic platelet shape (see Table 1);

(c) Special case where 7y =0: the particle shape is independent of #,,/¢, which acts

merely as a scaling factor; (d) Case of a shrinking particle (for strains larger than 0.8,

the calculation is no longer valid).

Figure 5. (a) Strain dependence of the particle volume (solid lines) in uniaxial
compression: For 7y =0, #,,/¢ acts merely as a scaling factor; for 7, =1, three values
of v, /¢ are compared, corresponding to particle growth, pure advection (constant

volume), and particle shrinking, respectively. The volumes of the associated spheroids

of semiaxes a and b are also shown (crosses). (b) Strain dependence of the particle
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surface area (solid lines) in uniaxial compression in the same cases as illustrated in
Fig. 5a; The surfaces of the associated spheroids of semiaxes a and b are also shown

(crosses).

Figure 6. Sections by the plane of symmetry (xy) showing the evolution of the particle

shape in simple shear for equivalent strains ranging from 0 to 1 (i.e. shear strains from
0 to \/§=1.732); (a) Z/m/5=0, pure advection effect; (b) Case of a growing particle;
(c) Special case where r, =0: the particle shape is independent of Z/m/E, which acts

merely as a scaling factor; (d) Case of a shrinking particle (beyond a strain of 0.5, the

calculation is no longer valid).

Figure 7. Shear strain dependence of the particle major axis to the x-axis. For 7, =0,
the evolution is independent of #,,/y. For ry =1, three values of »,,/y are compared,

corresponding to particle growth, pure advection, and particle shrinking, respectively.

Results pertaining to the elliptical approximation are also shown (crosses).

Figure 8. Approximation of the particle section in the (x)) plane by an ellipse in simple
shear (broken lines). The ellipse is obtained from the circle of radius 7 by a simple

shear of amplitude 7 =&/n (see text). The initial particle shape (circle of radius 7, =1)

is also shown; (a) particle growth; (b) particle shrinking.

Figure 9. (a) Shear strain dependence of the particle volume in simple shear. For

% =0, v, /7 acts merely as a scaling factor; note that the volume growth is very weak.

For r, =1, three values of »,,/y are compared, corresponding to particle growth, pure
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advection (constant volume), and particle shrinking, respectively. Results obtained
from the elliptical approximation are also shown (crosses). (b) Shear Strain
dependence of the particle surface in simple shear in the same cases as illustrated in

Fig. 9a.

Figure 10. (a) Equivalent strain dependence of the surface to volume ratio of a particle
of initial radius 7y =1 for uniaxial compression (solid lines) and simple shear loading
(broken lines). Three values of ym/(? are compared, corresponding to particle growth,
pure advection, and particle shrinking, respectively. (b) Case of a growing particle

with initial radius 7, =0 (Z/m/é‘; =0.5).

Figure B.1. Illustration of the tangent plane (/7) at point M to the desired surface. (/1)
intersects the three coordinate axes at points 4, B, and C. Vector OP defined by its

polar coordinates r, 8, and ¢ is normal to (/7).
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