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ARTICLE INFO ABSTRACT

Keywords: This work presents a deep learning-driven framework for multivariate optimization, focusing on the iden-
Multivariate optimization tification of precipitation kinetics parameters in a complex three-dimensional (3D) Computational Fluid
Artificial Intelligence Dynamics-Population Balance Model (CFD-PBM) model describing Mg(OH), precipitation in T- and Y-mixer

Population balance model
Computational fluid dynamics
Digital twins

Inverse design

static reactors. A numerical dataset was first generated using the CFD-PBM model to train an inverse design
deep leaning neural network (mirror model), which takes characteristic particle dimensions @ as input and
predicts the corresponding kinetic parameters (@) as output. Experimental particle size distributions (PSD)
from the T-mixer were then provided to the trained mirror model to predict the kinetic parameter vector. The
predicted parameters were subsequently validated by comparing the CFD-PBM outputs with experimental PSD
from the Y-mixer configuration. The framework demonstrates excellent generalization, accurately reproducing
PSD for conditions not included in the training set. Moreover, the same numerical dataset was also employed
to train a surrogate CFD-PBM model which takes kinetic parameters (¢) as input and returns characteristic
particle dimensions (4) as output. The surrogate CFD-PBM model was subsequently used to perform a sensitivity
analysis of the kinetic parameters. Minor deviations are observed in the estimation of the smallest (d,,) and
largest (d,;) particle size fractions, consistent with physical aggregation and collision mechanisms. A key
outcome of this study is that the proposed framework enables, for the first time, the use of fully 3D CFD-PBM
simulations equipped with a rigorously calibrated kinetic model, without requiring empirical simplifications
or iterative fitting procedures. This significantly enhances the predictive capability of 3D CFD-PBM models in
nonlinear reactive systems, providing a computationally efficient and generalizable tool for kinetic parameter
identification in precipitation and crystallization processes.

1. Introduction nucleation, molecular growth, and aggregation phenomena. Popula-

tion Balance Models (PBM) provide a powerful framework to track

Magnesium has recently been classified among the Critical Raw PSD evolution and to optimize process conditions for desired par-

Materials (CRMs), highlighting the importance of efficient recovery ticle characteristics [13,14]. Accurate determination of the kinetic

and valorization strategies [1,2]. One effective approach involves using parameters governing these processes is therefore essential for process
magnesium to produce magnesium hydroxide, Mg(OH),, a versatile optimization [15,16].

compound with applications spanning flame-retardant fillers, acidic
waste neutralization, pharmaceuticals, and pulp and paper preserva-
tion [3-9]. Traditionally, Mg(OH), has been synthesized through hy-
drothermal processes [10], but the high energy requirements have
motivated a shift towards precipitation-based methods, which are more
sustainable and cost-effective [11].

Precipitation involves the reaction of magnesium sources such as

Traditionally, model parameters are identified by fitting model pre-
dictions to experimental data using optimization algorithms. Classical
methods, such as the Conjugate Gradient (CG) method, are effective
when the underlying first-principles model can be evaluated with rel-
atively low computational cost. Similarly, heuristic and meta-heuristic
approaches, including Particle Swarm Optimization (PSO) [17] or Crow
brines or bitterns with alkaline solutions, leading to supersaturation Search Optimization (CSO) [18], provide robust alternatives for ex-
and particle formation when the solubility limit is exceeded [12]. ploring high-dimensional search spaces [19-22]. However, these meth-
The resulting Particle Size Distribution (PSD) is influenced by primary ods can become impractical when the first-principle model is highly
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non-linear, three-dimensional (3D), and computationally expensive, as
the numerous repeated evaluations required for optimization may ex-
ceed reasonable computing time, even on high-performance hardware.
Surrogate-Based Optimization (SBO) has emerged as a strategy to alle-
viate the computational burden in such cases. SBO replaces the original
high-fidelity model with a computationally cheaper surrogate, con-
structed from a low-fidelity approximation combined with a correction
procedure to increase accuracy. This approach has been successfully
applied in engineering contexts and in marine ecosystem models of
NPZD type (where N stands for nutrients, P for phytoplankton, Z for
Zooplankton and D for Detritus). In particular, it has been extended
from one-dimensional applications to a 3D biogeochemical model,
where the low-fidelity component is represented by a simulation with
a reduced number of spin-up iterations, and a multiplicative correction
operator is used to extrapolate its output towards the high-fidelity
solution [23]. While SBO significantly reduces computational time
and can accurately estimate most parameters, it does not overcome
the inherent limitations of traditional optimization methods, such as
sensitivity to the initial guess, limited exploration of multi-objective
landscapes, or reliance on the quality of available data.

These limitations motivate the use of alternative strategies that
combine first-principles models with data-driven approaches, such as
deep learning-assisted inverse design [24-26]. By leveraging neural
networks trained on numerically generated model outputs, it becomes
possible to map observed system outputs (e.g., PSD) directly to the
underlying kinetic parameters, achieving both computational efficiency
and improved robustness in parameter identification. These methods
enable efficient exploration of parameter spaces in complex systems,
providing accurate predictions with reduced computational cost. Re-
cent studies have demonstrated that machine learning can serve as
an efficient surrogate for computationally expensive CFD simulations.
Comparisons between neural networks, tree-based models (Random
Forest, XGBoost), and other regressors show that alternative algorithms
can achieve comparable predictive accuracy while reducing computa-
tional cost [27-29]. In addition, recent comprehensive reviews have
highlighted the growing role of machine learning in multiphase flows
and reactor modeling. For example, Zhu et al. [30] provide an extensive
survey of machine learning applications to hydrodynamics, transport
phenomena, and reaction kinetics in multiphase flows and reactors, dis-
cussing both physics-based and data-driven approaches and outlining
opportunities and challenges in this domain.

In this work, we employ a fully three-dimensional Computational
Fluid Dynamics-Population Balance Model (CFD-PBM) to describe the
evolution of Mg(OH), particle sizes, accounting for homogeneous and
heterogeneous nucleation, molecular growth, and irreversible aggrega-
tion via cementation. The PBM is solved using the Quadrature Method
of Moments (QMOM) [31,32], and the resulting high-fidelity numerical
data are used to train a fully connected deep leaning neural network
for inverse design. Experimental measurements guide the deep leaning
neural network in identifying the unknown kinetic parameters directly
from the characteristic particle dimensions, avoiding empirical sim-
plifications and eliminating the need for traditional iterative fitting
procedures. This approach enables, for the first time, the develop-
ment of CFD-PBM simulations equipped with a rigorously calibrated
kinetic model for a complex reactive, multiphase, and strongly non-
linear system. In addition, it enables a framework with potential for
digital twin applications, capable of predictive simulations and real-
time response through regression neural networks. Two experimental
datasets from our previous studies [33,34] are employed: one for tuning
the model and one for independent validation, allowing to assess the
generalization capability of the proposed framework. The manuscript
is organized as follows: Section 2 describes the experimental proto-
cols and datasets for the T- and Y-mixer reactors; Section 3 details
the PBM and its key inputs and outputs; Section 4 introduces the
deep learning-driven parameter identification methodology; Section 5
presents the results and discusses the performance of the inverse-design
strategy; and Section 6 summarizes the main findings and outlines
future extensions.
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2. Methodology

This section describes the experimental setups, the main steps for
acquiring experimental data and the operating conditions.

Experimental setup. Some of our previous publications [33,34] describe
a well-tuned, and validated experimental procedure for stabilizing and
characterizing Mg(OH), suspensions. This procedure was applied to
suspensions obtained through the two experimental apparatuses, T- and
Y- static mixers, shown in Fig. 1.

The Y-mixer apparatus is composed by a Y-mixer, followed by two
diverging channels and a final pipe of constant diameter. Although the
procedure details have been widely illustrated in the aforementioned
publications [33,34], they are here briefly reviewed for clarity. Magne-
sium chloride (MgCl,) solution is fed in one of the mixer’s arms and the
sodium hydroxide (NaOH) solution in the other. After the impact in the
mixing channel, the two solutions react to form a Mg(OH), suspension
according to the following reaction:

MgCly,q) + 2NaOH ) — Mg(OH)y, | ¢h)

The collected Mg(OH), suspension was stabilized and then analyzed by
Dynamic Light Scattering (DLS) measurements to obtain the PSD. The
investigated operating conditions are reported in Table 1:

In Table 1 only the Mg?* is reported concentration is reported, as
the feed streams respect the stoichiometric ratio of 2:1. The charac-
teristic dimensions both for the T- and Y-mixers are presented in Fig.
2.

3. Population balance model

In this section, we present the CFD-PBM model used to generate
the numerical dataset for training the deep leaning neural network.
This model assumes a one-way coupling approach. It means that the
particles have no inertia and follow the flow field. This hypothesis
is justified by the dilute operating conditions investigated, for which
the solid volume fraction remains low and the suspension properties
(density and viscosity) are close to those of the liquid phase. As a
consequence, the feedback of particle formation and growth on the
velocity and turbulence fields can be reasonably neglected. Moreover,
the characteristic timescales associated with nucleation and particle
growth are significantly larger than those governing the establishment
of the flow field, supporting the decoupling between hydrodynamics
and particle population dynamics. Although the flowchart has been
introduced in our previous publication [35], we briefly present it here.
First, the CFD simulation is run to solve the flow (u) and turbulence
(k—¢) fields. A second-order discretization scheme was applied to both
the convective and diffusive terms in the momentum and turbulence
transport equations to ensure higher numerical accuracy and reduce
numerical diffusion. Fig. 3 shows the meshes wireframes used in the
simulations. For the sake of visualization both meshes were cropped
and enlarged:

In Table 2 are reported the boundary conditions used in the simu-
lations:

Once these fields are known, the equations for the macro- and
micro-mixing are solved. In this regard, the macro-mixing is repre-
sented by the evolution of a non-reactive scalar, namely the mixture
fraction (a), indicating the interaction of the fluids at the macro-scale.
The governing equation is as follows:

‘;—‘f +1aVa = D Va 2

where D is the turbulent diffusion. The micro-mixing is represented by
the evolution of the variance of the mixture fraction (&'2), indicating
the interaction of the fluids at the molecular level. The transport
equation for the variance of the mixture fraction is:

) —
oa - 13 a/z

c
9 1 8-va?=D,Vv2a?+2D,(Va- Va) - 7“5—

ot k @
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Fig. 1. Experimental setups: T-mixer (top) and Y-mixer (bottom).
Table 1
Operating conditions for the T- and Y-mixer.
Dataset Geometry Operating conditions
Concentration Residence Reynolds Flow rate Estimate
o) time (ms) number (-10%) (mL/min) mixing time (ms)
0.125 ~3 2.7 2320 2
0.25 ~3 2.7 2320 2
#1 T-Mixer 0.5 ~3 2.7 2320 2
0.75 ~3 2.7 2320 2
1 ~3 2.7 2320 2
0.01 ~9-10° 1.7 835 0.6
0.025 ~9.10% 1.7 835 0.6
. 0.05 ~9-103 1.7 835 0.6
#3 Y-Mixer 0.125 ~3.6107 1.7 835 0.6
0.5 ~3.6-10% 1.7 835 0.6
1 ~3.6-10% 1.7 835 0.6

Table 2
Boundary conditions used for the CFD simulations in the T- and Y-mixers.

Boundary Velocity Pressure Turbulence fields
Inlet 1 Specified flow rate Neumann Correlation

Inlet 2 Specified flow rate Neumann Correlation
Outlet Neumann 0 Neumann

Walls No-slip Neumann Wall function

In addition to the accumulation, advection, and diffusion terms, Eq. (3)
contains two other contributions that merit closer analysis. The first is
the production term, 2D, (Va - V&), which represents the macroscopic
fluid interaction responsible for generating variance. The second is the
dissipation term associated with the smallest scales (i.e., the Batchelor
scale), where the variance is dissipated. Unlike the production term, the
dissipation term cannot be directly determined and thus requires a clo-
sure relationship [36]. In our previous studies [33,34], the parameter
C, was assigned a value of 2. The mixture fraction and its variance
enable the model to account for the dampening effect of mixing on
the chemical reaction. Specifically, Mg?* and OH™ must undergo both
macro- and micro-mixing before reacting according to Eq. (1), which
slows down the precipitation process. In Raponi et al. [33] (Supple-
mentary Information), we derived an analytical expression linking the
concentration of reactants entering the system to the fraction that is
actually able to react at the microscale to form Mg(OH),. For clarity,
only the final form of this equation is reported here:

[Mg(OH), ] (5 = min <[Mg2+] i [01;_] ) f (&, &2, a_s) 4)

where Mg?* and OH™ represent the concentrations of the respective
species in the system, and f (a, 6/2,075) is a weighting function that
accounts for the effect of mixing. Here, &, denotes the stoichiometric
mixture fraction, defined as:

2 Mg ™
s = H .
2 [Mg2+]"™ + [OH" 1™
where the superscript “(in)” denotes the reactant concentration at
the inlets. In the mixture fraction framework, it corresponds to the
mixture fraction at which the reactants are present in stoichiometric
proportions. By assuming that the Mg(OH),,, in the aqueous phase

precipitates instantaneously as a solid, the supersaturation can be
defined as:

3 M2+ -2

73 [Mg2* |4y [OH™ 12

§ox (aq @) _ 6)
kgp

5)

where [Mg2+](aq) and [OH™ ]yq) are the concentrations calculated from
Eq. (4) according to stoichiometry, y, is the activity coefficient, and the
solubility product: kg, = 107188, The build-up of supersaturation thus
initiates the precipitation process. In this work, we consider primary
nucleation, both homogeneous and heterogeneous, denoted as J:

(52) e 580)
J=Aje In? (S+1) + Aye n2(S+1) )

Homogeneous Heterogeneous

molecular growth, G:

G= kgSg 8
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Fig. 2. Visualization of the experimental characteristic dimensions.

and the aggregation rate, f,,,:

ﬁagg = ﬂcolnagg (9)

The aggregation rate is proportional to the collision frequency, S,
which represents the number of collisions per unit time between pri-
mary particles, and to the sticking probability, 7,,,, describing the
likelihood that a collision results in actual aggregation (i.e., whether
the primary particles bind together or not). The collision frequency
incorporates contributions from both Brownian motion and turbulence.

ﬂc(yl = IOCI (ﬁbr + ﬁtr) (10)

The contribution due to Brownian motion is described by the following
equation:

_ 2kgT (L+ A

11
3u LA an

br

Chemical Engineering Journal 531 (2026) 173908

In this expression, ky denotes the Boltzmann constant, T is the fluid
temperature, u represents the dynamic viscosity of the fluid, and L and
A are the sizes of the colliding particles. The turbulent contribution, in
contrast, is given by:

L+2)°

The sticking probability, on the other hand, can be modeled as follows:

Mage = €° (13)

Here, 6 denotes the ratio between the cementation time, 7..,,, and the
interaction time, #;,. The interaction time is assumed to correspond to
the characteristic timescale of the Kolmogorov micro-scale:

b = \[ (14)

and corresponds to the duration during which the two particles remain
close enough to interact, while the cementation time is defined as:

Dy
eem = 15
em 560G (15)
~ Leqvpg’s (6\/)0'25
Dh = T (16)
P
LA
Loy = ——2—— a7
(L2+ A2 - LA)

It corresponds to the time needed for the irreversible cementation of
two primary particles. The function s(§) is a shape factor, defined as
follows [371]:

4(1+56-6")
5(8) = > (18)
1/3+86—6—(6-08)25/3+6/3)
§=L/A 19)
& =vVér-1 (20)

Egs. (7), (8), (10), and (16) involve eight tuning parameters (A4;, B,
Ay, By, kg, g, Gy, and Ap). The parameters A; and B; control the
intensity of primary nucleation, k, regulates the rate of molecular
growth, and g characterizes the growth mechanism (e.g., g = 1 indicates
diffusion-controlled growth). The parameter C; modulates the collision
frequency, while A, is proportional to the strength of the crystalline
bridge between primary particles. The evolution of primary parti-
cles resulting from the precipitation phenomena described above was
tracked using the Quadrature Method of Moments (QMOM) [38,39].
The transport equation for the kth moment is given by:

omy  _ _ 2 k [ —
7+u-mG:D,V my +JJL; + kGmy_y + B, — Dy, (21)
where L, denotes the critical size of a stable nucleus (1 nm), and Ek
and D, represent the birth and death terms due to particle aggregation.
In the present study, three quadrature nodes (corresponding to six mo-
ments) were employed. Finally, the population balance model (PBM) is
closed by the mass balances of the reacting species, [Mg?*] and [OH™]:

ac‘,- Vippkv 3
— +@- V¢ =D,V — —— (JL? +3Gmy) (22)
ot M, ¢
where v; denotes the stoichiometric coefficient (i.e., vy ,o+ = 1 and

Von- = 2), p, is the particle density, M, is the molecular weight and
k, = /6 is the particle shape factor.

4. Parameters identification

In this section, we present the application of a deep learning-aided
optimization framework to identify the kinetic parameters of a com-
plex, highly non-linear, 3D CFD-PBM model. Fig. 4 helps to visualize
the dataset generation and the inverse design (mirror model) used.



A. Raponi and D. Marchisio

Chemical Engineering Journal 531 (2026) 173908

Fig. 3. T- and Y-mixer mesh wireframe.
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Fig. 4. Dataset generation and inverse design framework.

—

The  vector 7] represents the kinetic parameters
(5:(p(AI,AZ,Bl,Bz,kg,g,Cl,Ap)), while the vector d denotes the
characteristic dimensions (d = d (dlo,dm,d32,d43)) where the charac-
teristic dimension d;; is defined as the ratio between the outlet mean
value of the ith order moment and the outlet mean value of the jth
order moment [13]:

m;
dj=| —
J /7 outlet

The first step involves generating a numerical dataset using the CFD-
PBM model (Fig. 4 left). Specifically, the CFD-PBM model takes as input
the kinetic parameters and, under given operating conditions, returns
the corresponding characteristic dimensions. This dataset is designed
to remain consistent with the physics of the problem. The kinetic
parameters are randomly sampled within their physically meaningful
domain, as readily available in the literature [33,40]. The lower and
upper bounds for each kinetic parameter, consistent with our previous
publications and standard handbooks, are reported in Table 3.

To provide a sufficiently rich dataset for training the mirror model,
400 CFD-PBM simulations were generated by sampling the kinetic
parameters across their physically meaningful ranges. Each simulation
was performed under one of the five experimental Mg?* concentra-
tions in the T-mixer, meaning that the same operating condition was
simulated multiple times with different kinetic parameter sets. This pro-
cedure allows the CFD-PBM model to explore a wide range of physically

(23)

Table 3
Parameter constraints and units.
A, A, B, B, kg g G A
Lower bound 10" 100 200 10 1071 1 0 10°
Upper bound 10% 10'8 400 10% 1070 2 1 107
Units particle no. m N
m3s! s m?

plausible system behaviors and effectively cover the kinetic parameter
space. The numerical dataset generated by the CFD-PBM model is
subsequently used to train a deep learning neural network (Fig. 4
right). The approach is referred to as inverse design (mirror model)
because the deep leaning neural network receives as input the vector
of characteristic dimensions (d) and outputs the corresponding kinetic
parameters (). Starting from the numerical dataset, the deep leaning
neural network is trained and tested. Following the training and testing
phases, the experimental characteristic dimensions obtained from the
T-mixer are provided to the deep leaning neural network, which in turn
predicts the kinetic parameters that, according to the first-principles
model used for the dataset generation, best reproduce the experimental
characteristic dimensions. This procedure is repeated for all experimen-
tal conditions (five concentrations in the case of the T-mixer). Since
each experimental set of characteristic dimensions yields a predicted
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Table 4
Summary of the optimized deep leaning neural network architectures obtained
from the Keras Tuner for the two CFD-PBM datasets.

Dataset Hidden layers Neurons per layer Learning rate
200 simulations 3 192-68-112 le-3
400 simulations 3 192-160-160 le-3

parameter set, the kinetic parameters are subsequently averaged (%),

and their standard deviation is calculated (@'2). It is worth noting
that this averaging procedure is not intended to provide a statistically
converged estimate in the classical sense. Rather, each experimental
operating condition yields an independent solution, corresponding to
a kinetic parameter set that reproduces the measured characteristic
dimensions. The mean kinetic parameter vector (@) is representative of
a set that best captures the ensemble of experimental conditions, while
the standard deviation ((Iz/z) provides a quantitative measure of the
robustness and consistency of the parameter identification procedure
with respect to changes in operating conditions. It is important to
emphasize that the numerical dataset generated from the CFD-PBM
model is used solely for training the inverse model and does not aim
to reproduce the specific experimental datasets. The broad sampling of
the kinetic parameter space is required to ensure that the deep learning
model learns a well-posed inverse relationship between characteristic
dimensions and kinetic parameters, rather than overfitting a narrow re-
gion of the parameter space. The experimental data are introduced only
at the inference stage of the trained mirror model. Each experimental
operating condition is treated as an independent inverse problem,
yielding a kinetic parameter set that reproduces the corresponding
experimental characteristic dimensions based on the first-principles
model. The averaging of the identified parameters across experimental
conditions therefore provides a representative kinetic parameter vector
that consistently captures the ensemble of experiments, while the asso-
ciated standard deviation quantifies the robustness of the identification
with respect to changes in operating conditions.. At this stage, two
aspects are crucial: (i) the choice of the deep leaning neural network
architecture, and (ii) the extension of the numerical dataset, i.e., the
number of simulations required for the mirror model to adequately
learn the correlations between the characteristic-dimension vector and
the kinetic-parameter vector. To select the optimal architecture and
training parameters, we employed the Keras Tuner, which systemati-
cally explores hyperparameters including the number of hidden layers,
neurons per layer, and learning rate. This ensures a reproducible and
data-driven selection of hyperparameters, rather than arbitrary manual
choices. Two numerical datasets were used for training the mirror
model. The first dataset consisted of 200 CFD-PBM simulations, while
the second included 400 CFD-PBM simulations. In both cases, the data
were split into 90% for training and 10% for testing. Following the
same approach adopted in our previous work [24], the Keras Tuner
was executed for both datasets. The outcomes of the two optimization
processes are summarized in Table 4.

The analysis showed that the model trained with 200 CFD-PBM
simulations exhibited large variability in the predicted parameters,
indicating insufficient generalization. Conversely, the model trained
with 400 simulations provided stable and consistent predictions, with
significantly reduced standard deviations.

5. Results and discussion

In this section, we present the results of this multivariate optimiza-

tion procedure. Once the mean values (%) and standard deviations ((7;'2)
of the kinetic parameters were obtained, two parallel analyses were
performed: the former aimed at validating the overall framework, and
the latter focused on estimating the intrinsic uncertainty of the kinetic
parameter identification procedure. The validation of the numerical
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Fig. 5. Comparison between the experimental data (red dashed line), surro-
gate model (gray dots) and CFD-PBM predictions (black dashed line).

framework was carried out by simulating the operating conditions
reported in Fig. 2, using the mean kinetic parameters predicted by
the inverse design (mirror model) both for the T- and Y-mixer con-
figurations. Subsequently, a surrogate CFD-PBM model was trained
using the dataset of 400 simulations for the T-mixer. This surrogate
model, which maps the kinetic parameter vector to the corresponding
characteristic dimensions, was employed to assess both the robustness
of the framework and the uncertainty associated with the predicted
kinetic parameters. Specifically, the surrogate CFD-PBM model was
used to predict the characteristic dimensions for 1000 randomly sam-
pled kinetic parameter vectors, drawn within the range of the mean
value + the standard deviation (% — <p2 and @ + qu) The mean
and standard deviation of the predicted characteristic dimensions were
then computed for all the operating conditions. Both the CFD-PBM
predictions and the uncertainty analysis are reported in Fig. 5

The CFD-PBM model, applied to both the T- and Y-mixer configura-
tions, employed the mean kinetic parameter vector & predicted by the
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Fig. 6. Contour plot of the d,, in the Y-mixer at three Mg>* concentrations: 0.01 M (left), 0.05 M (center), 1 M (right).

inverse design. As shown in Fig. 5, the use of these mean kinetic pa-
rameters allows the CFD-PBM to accurately capture the overall system
dynamics, demonstrating a high level of agreement with the experi-
mental data. The sensitivity analysis for the kinetic parameters further
confirms the reliability of the framework. In particular, it successfully
reproduces the trends observed in the CFD-PBM simulations for the T-
mixer, even when evaluated on kinetic parameters set that were not
included in the training phase, namely, those obtained from the inverse
design (i.e., 1000 random sets included between % — 32 and 3 + 32).
This highlights the strong generalization capability of the surrogate
CFD-PBM model. It should be noted that the surrogate CFD-PBM model
was trained exclusively using the dataset generated for the T-mixer
configuration. For the Y-mixer, the kinetic parameters identified from
the T-mixer were directly applied to run the one-way coupled CFD-PBM
simulations. Since only six CFD-PBM simulations were available for
the Y-mixer, corresponding to the experimental operating points, the
construction of a surrogate model capable of reliably mapping a wide
range of kinetic parameters to characteristic dimensions was not fea-
sible. Consequently, the validation for the Y-mixer relies solely on the
one-way coupled CFD-PBM simulations performed using the identified
mean kinetic parameters. From Fig. 5, it can also be observed that the
kinetic parameters estimated through the inverse design tend to slightly
underestimate the characteristic dimension d,, for both the surrogate
and the full CFD-PBM model. Moreover, the surrogate model exhibits
slightly wider confidence intervals for the higher concentration cases,
particularly for the characteristic dimension d,;. This trend can be
intuitively explained from a physical standpoint. The surrogate model
is inherently derived from the CFD-PBM dataset used for training, and
the CFD-PBM model itself predicts a higher number of particles at
increasing concentrations. The d,; metric represents the right tail of the
PSD, corresponding to the larger particles. Therefore, at higher concen-
trations, the increased number of particle collisions and the formation
of larger aggregates lead to a broader distribution and, consequently,
greater variability in d,;. Conversely, the standard deviation of d, re-
mains nearly constant with concentration, indicating that the formation
of smaller particles is less sensitive to concentration-driven effects. To
further elucidate the influence of local mixing on particle formation,
Fig. 6 reports the contour plots of the characteristic dimensions d,,
within the Y-mixer for three selected Mg?* concentrations.

These concentrations were chosen based on the trends observed in
Fig. 5, namely a low concentration (0.01 M), a value close to the nu-
merical minimum (0.05 M), and the highest concentration considered

(1 M). The inclusion of these contour plots is of practical relevance,
since the proposed inverse-design framework enables the optimization
of kinetic parameters even for highly nonlinear and fully 3D systems.
Consequently, it becomes possible to examine the internal behavior
of the reactor and gain insight into how spatial gradients in mixing
affect the early stages of the precipitation process. All simulations were
carried out under identical hydrodynamic conditions, with only the
Mg?* concentration being varied. This ensures that the mixing charac-
teristics remain unchanged across the cases, as both @ and @2 were kept
constant, together with a stoichiometric mixing ratio, d,, equal to 0.5.
As shown by Eq. (5), the driving force increases with the concentration
of the reactive species. The contour plots of d,, clearly highlight how
this effect interacts with the spatially non-uniform mixing field inside
the Y-mixer. At the lowest concentration (0.01 M), the driving force is
insufficient to trigger nucleation within the mixing section. As a result,
nucleation mainly occurs in the diverging channels and in the down-
stream tube, where particles experience more homogeneous turbulent
conditions and longer residence times. This leads to relatively uniform
and larger final particle sizes. A different behavior is observed at the
intermediate concentration (0.05 M). Here, the increased driving force
promotes earlier nucleation, which now takes place within the Y-mixer
itself, as visible in Fig. 6 (center). In this region, the strong local turbu-
lence enhances the formation of a larger number of nuclei, accelerating
the local consumption of supersaturation in a non-uniform manner.
Consequently, less supersaturation remains available for subsequent ag-
gregation, resulting in smaller particles compared to the regime where
nucleation occurs downstream. At the highest concentration (1 M), the
mechanisms observed at 0.05 M become more pronounced. While nu-
cleation still begins within the Y-mixer, the significantly larger reactant
concentration ensures a higher residual supersaturation at equivalent
spatial coordinates, which favors aggregation. This yields a qualitative
trend similar to the intermediate case but leads to quantitatively larger
particles, consistent with the stronger driving force. Overall, these
contour plots underline the critical interplay between spatial mixing
heterogeneities and local supersaturation in determining the onset of
particle formation. More importantly, they demonstrate the capability
of the proposed inverse-design-based 3D CFD-PBM framework to gen-
erate spatially resolved and physically interpretable predictions. This
establishes a solid foundation for future digital twins able to more
accurately represent real systems and to support practical applications
such as process control and reactor design.
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6. Conclusions

In this study, a deep learning (DL)-driven framework was success-
fully developed and applied for the identification of kinetic parame-
ters in a complex CFD-PBM model describing Mg(OH), precipitation
in static mixer reactors. The proposed methodology combines first-
principles modeling with data-driven optimization, leveraging an in-
verse design (mirror model) deep leaning neural network trained on a
numerically generated CFD-PBM dataset. The inverse design approach
enabled the identification of the kinetic parameter vector directly
from experimentally measured characteristic particle sizes, significantly
reducing the computational cost typically associated with iterative
parameter fitting. The mirror model trained on 400 CFD-PBM simu-
lations demonstrated superior generalization capability and parameter
stability compared to the smaller dataset of 200 simulations, confirming
the importance of dataset extension in capturing the nonlinear correla-
tions between kinetics and morphology. The mean kinetic parameters
predicted by the mirror model accurately reproduced the experimen-
tal trends for both the T- and Y-mixer configurations, validating the
robustness of the coupled CFD-PBM-DL framework. Sensitivity and
uncertainty analyses further revealed that the surrogate model reliably
captures the system dynamics even for unseen kinetic configurations.
Minor deviations were observed in the underestimation of d;, and
in the slightly larger confidence intervals of d,; at higher concentra-
tions. These trends are consistent with the physical interpretation of
the CFD-PBM model. In fact, increased particle number densities at
higher concentrations naturally lead to higher collisions, broadening
the PSD. A key outcome of this work is the demonstration that the
proposed methodology enables, for the first time, the use of fully
three-dimensional CFD-PBM simulations equipped with a rigorously
calibrated kinetic model without resorting to dimensionality simplifica-
tions or ad hoc assumptions. This represents a substantial advancement
over conventional parameter estimation workflows, which are typically
limited by computational cost or require reduced-order approxima-
tions. By providing a modular, scalable, and inverse-design framework,
this study opens new opportunities for the deployment of high-fidelity
digital twin like models in precipitation, crystallization, and reac-
tive mixing processes, where experimental characterization is limited,
expensive, or intrinsically challenging. Overall, the results confirm
that the hybrid CFD-PBM-DL framework constitutes a powerful and
generalizable tool for identifying kinetic parameters in multivariate,
nonlinear reactive systems, marking a significant step towards next-
generation model-based process design and control. While this work
focuses exclusively on a deep learning neural network as the mirror
model, the primary objective was to establish a proof-of-concept for
the inverse-design framework applied for the first time to 3D CFD-
PBM simulations. Alternative machine learning algorithms, such as
tree-based methods (Random Forest, XGBoost), could be explored in
future studies to evaluate performance, robustness, and applicability to
different datasets, but this was beyond the scope of the present study.
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