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Crystallization is a key separation and purification method governed
by thermodynamics, kinetics, and multiphase fluid dynamics.
Supersaturation generation, nucleation, crystal growth,
aggregation, and breakage determine particle size and shape and
are described using population balance models (PBMs). Coupled
with computational fluid dynamics (CFD), PBMs enable spatially
resolved predictions of particulate behavior in real reactors. This
review outlines fundamental crystallization kinetics and PBM
formulations, including nucleation and growth expressions,
aggregation and breakage kernels, and moment-based solution
methods. It also highlights how multiphase CFD represents
turbulence, mixing, and phase interactions in stirred tanks, tubular
reactors, static mixers, and impinging jets, supporting process
design and scale-up. Key computational challenges include
stiffness, micro-mixing, reaction—equilibrium networks, and
parallelization, along with cost-reduction strategies such as
compartment models and CFD-informed reactor representations.
Emerging machine-learning tools accelerate parameter estimation
and surrogate modeling, with applications from inorganic
precipitation to pharmaceutical crystallization.
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Introduction

Crystallization is a key separation and particle-formation
process in which supersaturation, generated by chemical
reaction, solvent exchange, cooling, or their combination,

leads to the formation of a new solid phase. The resulting
solid may be crystalline or amorphous and may consist of a
single compound or multiple components, as in co-crystals.
In industrial practice, crystallization is widely employed as a
unit operation for purification and product design, while in
other contexts it is undesirable, as in scaling and fouling
phenomena occurring in heat exchangers and membrane
systems. The fundamental thermodynamics, kinetics, and
population balance theory underlying crystallization have
been extensively covered in classical textbooks and reviews
[1-3]. However, the translation of this knowledge into pre-
dictive tools for real-world turbulent reactors remains a
major challenge. In particular, the strong coupling between
hydrodynamics, supersaturation fields, and particulate pro-
cesses requires computational frameworks that integrate
multiphase computational fluid dynamics (CFD) with po-
pulation balance modeling (PBM).

"This review focuses specifically on this coupling. Rather
than reiterating established crystallization theory, we
examine: (i) the hierarchical relationship between gen-
eralized population balance equations, PBM, and two-
fluid CFD models; (i1) practical strategies for CFD-PBM
coupling in turbulent systems; (iii) computational bot-
tlenecks and cost-reduction techniques, including op-
erator splitting and parallelization; (iv) reduced-order
and CFD-informed models for scale-up and (v) emer-
ging directions such as machine-learning-assisted para-
meter identification and surrogate modeling.

Thermodynamics and kinetics of
crystallization

Once the solubility limit is overcome, the solution is
supersaturated. Supersaturation, § = ¢/¢;, is locally de-
fined as the ratio between the actual concentration of a
chemical species, ¢, and its solubility, ¢. Solubility de-
pends on temperature and on the crystalline form
(e.g. polymorph, hydrate, amorphous phase). In multi-
component systems, it is typically represented through
phase diagrams, which guide crystallization process de-
sign. Supersaturation is the driving force for crystal-
lization and, when greater than wunity, enables
nucleation. Nucleation may be classified as primary (in
the absence of crystals of the same compound) or sec-
ondary (in their presence). Primary nucleation can fur-
ther be homogeneous or heterogeneous, and its rate is
commonly described using classical nucleation theory.
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2 Computational flow models to real-world reactors

where A and B depend on temperature and can be de-
rived from theory or inferred from experiments, using
well-defined protocols which rely on the stochastic
nature of nucleation [4]. Once the nuclei are formed,
they can grow because of molecular growth, whose rate
depends on the controlling mechanisms and is usually
described with the following empirical equation:

G(S) = £ (§ = 1)¢ ()

where again the parameters £, and g can be derived from
single crystal experiments or inferred from larger-scale
crystallization experiments.

Grown particles can then undergo aggregation and
breakage. In turbulent systems, particle collisions and
shear-induced breakage are strongly influenced by the
turbulent dissipation rate, €, which quantifies the in-
tensity of turbulent fluctuations. Aggregation and
breakage kernels often incorporate turbulence effects,
providing practical estimates of collision frequency, ad-
hesion efficiency, and fragment distribution under rea-
listic turbulent flow conditions. In this case, the
aggregation rate 1s defined via its kernel, which for par-
ticles larger than the Kolmogorov length-scale, is defined
as follows:

_ Z,éBT(L + A)Z . E 3
B, A) = (—3/1 1 + Cr 2.2943\/;(L +4) )(3)

where #4p is the Boltzmann constant, 7" is the tempera-
ture, ¢ is the dynamic viscosity of the suspending liquid,
V is its kinematic viscosity, and . and A are the char-
acteristic sizes of the colliding and aggregating particles.
The parameter (7 accounts for non-idealities and must
be determined by fitting with experiments. This kernel
describes the collision frequency arising from Brownian
motion and turbulent fluctuations. It is typically multi-
plied by an aggregation efficiency accounting for the
probability of successful adhesion upon collision.
Further details can be found in the literature [5]. Other
relevant particulate processes include breakage and
secondary nucleation. In breakage, particles fragment
into smaller pieces; its kinetics is described by a
breakage kernel, defining the breakage rate, and a frag-
ment distribution function, specifying the number and
size of the resulting fragments [6]. The term secondary
nucleation may refer either to attrition, namely the de-
tachment of small fragments from existing particles, or to
nucleation from solution promoted by the surface of
crystals of the same compound. The latter mechanism
remains not fully understood, although recent first
principles and experimental studies have proposed rate
expressions [7-10].

Population balance modeling
The kinetics of nucleation, growth, aggregation, and
breakage determine the final particle characteristics:

size, shape, and form. Notably, the particle size dis-
tribution (PSD) and the particle size and shape dis-
tribution are described via a governing equation, called
the population balance equations (PBE), which can be
solved with different numerical methods, resulting in a
PBM [11-13]. A comprehensive description of the
theory behind this equation can be found in the litera-
ture [6,14]. This is a partial integro-differential equation
that operates on a distribution function, formulated via
an ensemble averaging procedure, that in turn defines
how the particles are distributed over some internal co-
ordinates, notably size. Mono-variate (one-dimensional)
PBEs employ only one internal coordinate; multivariate
(multidimensional) PBEs employ more than one internal
coordinate. Since the computational costs of standard
discretization techniques (i.e. finite difference, finite
volume, finite elements) escalate as the number of in-
ternal coordinates increases, one interesting solution
method, especially for computational flow models, is the
method of moments. With this method, the PSD is de-
scribed in terms of some moments, which in the
monovariate case are defined as follows:

— £

m (7, X) = jo n(L, #, x)L*dL @
reducing the dimensionality of the problem by in-
tegrating the internal coordinate particle size, L. The
governing equations are hierarchically related: the gen-
eralized population balance equation (GPBE) defines
the evolution of the full particle distribution, including
velocity. Integrating over velocity yields the classical
PBE, and applying moment transforms produces the
moment-based form used in two-fluild CFD models.
Moments represent physical measurable quantities, such
as total particle number density (i.e. #77), particle specific
surface area (#), and particle volume fraction (a,, re-
lated to m23), whereas the ratio of two moments defines a
mean particle size. For example, 4y = m/m is the
number-averaged particle size, @;; the length-averaged
particle size, ds; the area-averaged particle size (or Sauter
diameter), and 3 the volume-averaged particle size.
The use of these four mean particle sizes is equivalent to
considering, for numerous applications, the entire PSD.
The evolution of the moments of the PSD is governed
by a standard transport equation:

am,(,

— + up-Vay = V-(D,Vy) + S,

ot (5)

With the usual terms accounting for accumulation, con-
vection, and diffusion. u, and D, are respectively the
particle velocity and (turbulent) diffusivity, whereas .S is
the source term accounting for nucleation, growth, ag-
gregation, and breakage. A closure problem arises both
in the transport and source terms when size de-
pendencies are present. This can be overcome by using
a quadrature approximation [6,15]. The equation can be
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solved by using the finite-volume approach in combi-
nation with strategies to speed up the simulation, such as
operator-splitting, and to preserve the moment realiz-
ability, as described in the literature [14,16]. While
tracking moments reduces computational cost, it in-
troduces a trade-off: fine details of the PSD may be lost,
limiting accuracy for certain applications. However, ra-
tios of moments can define key particle sizes (e.g.
number-average dj, Sauter diameter dj;) sufficient for
most engineering purposes.

Multiphase flow effects, computational fluid
dynamics, and coupling with the population
balance model

Crystallization processes are multiphase systems in
which fluid dynamics plays a big role. Independently
from how supersaturation is generated (e.g. solvent-dis-
placement, cooling crystallization, reactive crystal-
lization) very often supersaturation is not spatially
homogeneous and uniform across the crystallizer, which
can be batch, continuous or semi-batch, and have the
form of a stirred tank [17,18], a tubular reactor [19,20],
with or without inserts, as in the case of static mixers
[21], or a confined impinging jet crystallizer [22,23]. This
latter category has become very popular in crystallization
lately, especially to produce lipidic nanoparticles for the
delivery of mRNA vaccines [24]. Geometrical details of
the crystallizer and operating conditions (i.e. stirring rate,
impinging jet velocity, cooling rate, etc.) can affect the
flow field, the spatial distribution of supersaturation, and
therefore the final particle characteristics. This is parti-
cularly evident during scale-up (and down) and during
the transfer of a process from one piece of equipment to
another. The same ‘chemical recipe’ can result in very
different particle characteristics when the scale or the
geometry of an impeller is even only slightly modified.
Fluid dynamics heavily affects the final particle char-
acteristics also because it determines the rate with which
particles collide (and therefore aggregate) and the type
and rate of deformation of the fluid (or shear rate), which
in turn defines the rate of breakage of the crystals. In
turbulent systems, these phenomena are compactly and
efficiently described by the turbulent dissipation rate, €,
which is the rate with which turbulence is generated and
dissipated by viscosity. This can also be thought as the
power input per unit mass in the crystallizer and is
usually estimated by using multiphase turbulent models,
such as the two-equation # — ¢ models in the context of
Reynolds-averaged Navier-Stokes equations (RANS) or
in the context of large eddy simulations (LES) ap-
proaches. RANS provides time-averaged fields with
lower computational cost, while LES resolves large ed-
dies and offers higher fidelity at the expense of increased
runtime and equation counts, often reaching millions of
coupled PDEs per time step for industrial-scale sys-
tems [25].

Figure 1
Generalized Population Balance Equation
of 8
Bt + V() + Vo, - (apf) + (G = H
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Hierarchical relationship between governing equations. The PBE is
derived by integrating out particle velocity, up, from the GPBE. The
governing equations of the two-fluid model, namely the continuity
equation (top) and the moment balance equation (bottom) for the
disperse particulate phase, are also derived from the GPBE by applying
moment transforms of different order. This hierarchical relationship
between these governing equations defines the way in which these
equations should be coupled [6].

The multiphase nature of crystallization systems has
been neglected for many years, and only three decades
ago, the crystallization community started fully ac-
knowledging the importance of multiphase fluid dy-
namics. The complex interplay between particulate
processes and fluid flow requires the use of computa-
tional flow models based on multiphase CFD. Among
the different CFD models and approaches available
[26,27], Eulerian-Eulerian CFD models are the most
suited for simulating real-world industrial-scale crystal-
lization reactors. The two-fluid (and the multi-fluid)
model is based on the solution of mass and momentum
balance equations for the phases involved, the con-
tinuous liquid phase and the solid particulate phase. The
theoretical framework under which these models op-
erate (see Figure 1), their correct and well-posed for-
mulation, and the proper way in which they should be
interfaced with PBM have been only recently fully
clarified [28-30].

Computational challenges and anchoring to
real-world reactors

One of the main issues that hinders the uptake of
computational flow models in crystallization for addres-
sing real-world reactors is the associated computational
cost. With the increase of computational power, thanks
to high-performance computing (HPC) facilities, this
problem has partially been solved; very efficient paral-
lelization strategies must be developed, as increasing the
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Figure 2
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A possible hybrid parallelization scheme [16]. Message Passing Interface (MP

1), a standard for parallel computing, is used to divide the computational

domain into regions (domain decomposition) and assign them to different tasks and processors. Thanks to the operator-splitting procedure this takes

care of the transport terms of the governing equations, see for example Eq.

(5). OpenMP, which supports multi-platform shared-memory parallel

programming, is used to parallelize the time-integration of the source term into different threads.

number of parallel processes sometimes causes large
processor load imbalances, nullifying the beneficial ef-
fects of parallelization.

Even with efficient and extensive parallelization (see
e.g. Figure 2), in some cases simplified flow models must
be employed. This is particularly true when numerous
phenomena must be accounted for. In many crystal-
lization applications, for example, fast chemical reactions
or nucleation processes are involved, requiring the use of
so-called micro-mixing models. These reconcile the ex-
istence of turbulent fluctuations in supersaturation with
turbulence models based on Reynolds or spatial aver-
aging procedures, as in the case of RANS and LES
models. Additionally, very often, to properly evaluate
supersaturation, many chemical species in solutions
must be accounted for, often linked with each other via
complex chemical equilibria. In conjunction with, again,
an operator splitting procedure, one must couple the
CFD simulation, solving the chemical species transport
equations, with the simultaneous resolution of these
many chemical equilibria, with, for example, a Newton-
Rapson procedure, slowing down the simulation and
increasing the computational costs [5]. Finally, espe-
cially when very high supersaturations are reached, su-
persaturation must be evaluated using activity
coefficients, with an additional burden to the computa-
tional costs. In these scenarios (see Figure 3), it is in-
teresting to explore simplified computational flow

models, such as CFD-informed mixed-suspension
mixed product removal (MSMPR) models, or CFD-in-
formed plug flow reactor models [5,31,32]. An interesting
alternative is the use of compartment models, where one
single CFD simulation is used to generate a limited
number of compartments, sharing similar values of su-
persaturation and/or turbulent dissipation rate, respec-
tively driving forces for nucleation & growth, and
aggregation & breakage [16]. Some theoretical issues
still need to be reconciled, as the governing equations of
the CFD model and of the compartment model are
different, as compartments exchange fluid elements and
particles via convection only, whereas in the CFD si-
mulation, the effect of (turbulent) diffusion is also con-
sidered. Other techniques do not suffer from these
shortcomings [33,34].

Machine learning and artificial intelligence [36-38] offer
a great opportunity here as they can greatly accelerate
one of the bottlenecks of model development, namely
the identification of the PBM parameters of the CFD-
PBM simulation. High-fidelity CFD-PBM simulations
can require hours to days of computation for industrial-
scale systems [39]. Estimating these parameters through
direct optimization over high-fidelity CFD-PBM simu-
lations can be computationally prohibitive. A practical
alternative consists of constructing a surrogate model
trained on CFD-PBM data and employing it in inverse
mode to perform multivariate optimization more

Current Opinion in Chemical Engineering 2026, 52:101246
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Figure 3
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Simplified fluid dynamic models. From left to right: detailed CFD simulations are run on the computational domain. These are then used to divide the
domain into a limited number of compartments using, for example, the agglomerative clustering algorithm of Scikit-learn [35]. The compartment model
targets a specific property, for example supersaturation, or the turbulent dissipation rate. The number of compartments can be varied from one,

namely the entire vessel is described as one perfectly well-mixed system, to 10, 20 up to, the total number of cells of the original CFD simulation,

resulting again in the original CFD simulation.

efficiently. In such frameworks, the neural network is
trained to map characteristic outputs (e.g. particle sizes)
to kinetic parameters, enabling rapid parameter identi-
fication. This strategy reduces the computational cost of
calibration by orders of magnitude compared to direct
optimization and has been successfully demonstrated in
the context of multivariate optimization of precipitation
kinetics using deep-learning-assisted inverse design of
CFD-PBM simulations [40]. Training such surrogates
requires an upfront investment in generating
CFD-PBM datasets, and their applicability is generally
system-specific: transfer to new reactor geometries or
operating conditions may necessitate retraining. Never-
theless, these approaches enable rapid parameter iden-
tification and design space exploration while retaining
physical consistency, bridging the gap between detailed
simulations and practical process optimization [41].

Real-world reactors and applications

The models previously described have been extensively
used to design, optimize, and scale up crystallization
reactors. They are particularly useful for reactive crys-
tallization, or precipitation processes, where the time-
scales associated with the particulate processes are very
close to those of the fluid flow, resulting in a complex
interplay between particle formation and evolution, and
multiphase fluid dynamics.

For example, a prototype for the extraction, via crystal-
lization, of magnesium hydroxide has been developed by
using a validated CFD-PBM model [42] (see Figure 4).
CFD-PBM has also been extensively employed to study
the production process of nickel, manganese, and cobalt
hydroxides, very popular precursors for cathode active
material (pCAM). The effect of impeller type and shape
on the PSD, density, and form of the pCAM particles
has been investigated deeply [5,43-45].

These computational flow models are also very useful in
the case of solvent-displacement, where a solution of a
solute in a solvent is mixed with an anti-solvent, re-
sulting in very high supersaturation and super-fast par-
ticle formation. In solvent displacement, it is particularly
challenging to understand the separate effects of solvent
choice on solubility and on mixing dynamics. CFD and
PBM models are particularly useful in this area to guide
the solvent selection [48,49], especially for pharmaceu-
tical applications [21,24,50] where reactant costs are ex-
tremely high.

CFD coupled with PBM and within multiscale and hybrid
models is also very useful in the case of slug flow crystal-
lization [51,52] or in assessing the validity of perfect mixing
assumptions often made in laboratory equipment
used to measure solubility and nucleation kinetics [53].

www.sciencedirect.com
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Figure 4
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Validation of a typical PBM coupled with CFD. The figure shows two contributions found in the literature. The upper part of the figure shows a
multivariate optimization performed with deep learning that allows the calibration of a 3D CFD-PBM model [46]. The lower part, on the other hand,
uses the validated 3D CFD-PBM model for the design and performance optimization of an innovative prototype for magnesium hydroxide

precipitation [47].

CFD can further be employed, for example, to identify
the optimal withdrawal position in large stirred tank
crystallizers [54] or to predict clogging and fouling [55]
hindering the productivity of numerous industrial crys-
tallization processes.

Conclusions

Computational flow models have matured into practical
tools for simulating real-world crystallization reactors.
Their most efficient implementation combines CFD
with PBM, leveraging strategies such as operator-split-
ting and parallelization to reduce computational costs. In
cases where even HPC cannot achieve acceptable run-
times, typically on the order of hours rather than days for
industrial-scale simulations, simplified CFD-informed
models, such as compartment or MSMPR-based ap-
proaches, provide practical alternatives. Machine
learning and artificial intelligence are expected to play
an increasingly important role, both by serving as sur-
rogates for detailed simulations and by incorporating
physical constraints, enabling faster parameter identifi-
cation and exploration of operational space while taking
advantage of modern GPU-accelerated HPC archi-
tectures.
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